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Abstract  

 

The enhancement of blood vessels is a vital stage in imaging. 

The goal of this project is to improve the evaluation of the 

performance of a method for enhancing arteries in coronary 

angiograms, which use fractional derivatives. In this work an 

algorithm for automatic enhancement of vessels in coronary 

angiograms is evaluated, the method uses the Hessian matrix, 

the eigenvalues and the Grünwald-Letnikov fractional 

derivative with fractional order ω the in the interval (1,3). The 

probes of the performance of the method were made using a 

set of 20 coronary angiograms with its respective ground-

truth image and the area under the ROC’s curve. The 

fractional orders are 2<ω and the second interval 2≥ω. The 

results show that the maximum values of area under the 

ROC’s curve are obtained when the derivative order is in the 

interval 2<ω<2.15. 

 

 

Evaluation, Coronary, Hessian matrix, Derivatives 

Resumen  

 

El realzado de vasos sanguíneos es una etapa vital en tareas 

de segmentación de imágenes médicas. El objetivo de este 

proyecto es mejorar la evaluación del desempeño de un 

algoritmo para realzado de arterias en angiogramas de 

coronarias que utiliza derivadas fraccionarias. En este trabajo 

se evalúa un método para realzado de vasos sanguíneos que 

utiliza la matriz Hessiana, los eigenvalores y la derivada 

Grünwald-Letnikov con ordenes fraccionarios ω en el 

intervalo (1,3. La evaluación del desempeño del realzador de 

angiogramas de orden fraccionario se realizó utilizando un 

conjunto de 20 imágenes de angiogramas de coronarias con 

su respectiva imagen ground-truth y el área bajo la curva 

ROC como parámetro de medición. Para las pruebas se 

usaron los intervalos de 2<ω  y 2≥ω de órdenes fraccionarios. 

Las pruebas muestran que se obtienen los mejores resultados 

cuando se utilizan ordenes de derivadas, 2<ω<2.15. 
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Introduction 

 

The arteries are the most muscular, elastic 

vessels and carry blood from the heart to the 

arterioles. From here the blood enters the 

capillaries, the narrowest vessels, where all 

exchanges between blood and tissues take place, 

(Guzmán et al. 2022). That is why its correct 

operation is very important. An early diagnosis 

in arteries and the heart can help prevent 

irreversible damage, (Navarrete Chiriboga and 

Rivera Guerra 2022). 

 

Enhance of vessels is a basic step in the 

segmentation process of medical images for 

Computer-Assisted Diagnosis (CAD). The 

target of the enhancement is improving the 

quality of the images to apply algorithms for 

diagnosis. To upgrade medical images like the 

angiograms, some algorithms have been 

proposed: some of them are based on 

morphological operations (Bouraoui et al. 

2008), (Eiho and Qian 1997), (Lara et al. 2009), 

(Maglaveras et al. 2001). The others are based 

on the properties of the Hessian matrix (Kang et 

al. 2009) and (Frangi et al. 1998). In 2015 a 

segmentation method which works on two steps: 

first the structure of the vessels is detected using 

the properties of the Hessian matrix, after, an 

evolutive algorithm is utilized in thresholding 

tasks (Cruz-Aceves et al. 2015) and, in (Angeles 

Rojas, 2022) a method for detecting basal cell 

carcinoma using convolutional neural network 

and Support Vector Machine is described in 

(Angeles Rojas, 2022).  

  

On the other hand, the Fractional 

Calculus (FC) is an extension of the traditional 

calculus and is devoted to integrals and 

derivatives of non-integer order. It is based on 

the properties of some special functions like the 

gamma function. Through the years, the FC has 

been transformed, and some different definitions 

of integrals and derivatives have been appeared. 

The first definitions were Riemann-Liouville 

integral and derivative, the Grünwald-Letnikov 

(GL) derivative (Capelas de Oliveira and 

Tenreiro Machado 2014), the Caputo fractional 

derivative (Caputo and Mainardi 1971), the 

Caputo-Fabrizio fractional derivative (Caputo et 

al. 2015), the Atangana-Baleanu definition 

(Atangana et al. 2016) and the Conformable 

derivative (Khalil et al. 2014), among others. 

 

 

 

In the last years the FC has suffered a 

strong growth, due to practical applications in 

many knowledge fields. The first application 

was implemented by Abel solving the problem 

of the tautochrone curve (Abel 2012a), (Abel 

2012b), since the number of applications has 

increased exponentially. Today the FC is utilized 

in fields like dynamic (Ahmad B. et al. 2015), 

viscoelastic models (Schiesselt et al. 1995) and 

(Meral et al. 2010), anomalous diffusion (Chen 

et al. 2010), electrical circuits (Ahmed et al. 

2015) and (Guía et al. 2013), catenary based 

curves (Martinez-Jimenez et al. 2019), 

economic models (Baskonus et al. 2015), 

modelling of the movements of the electrons in 

conductive materials  (Martinez-Jimenez L. et 

al. 2017) and (Karpinski et al. 2021), image 

processing (Amoako-Yirenkyi et al. 2016).  

 

The mission of this work is refining the 

obtained results on (Martinez-Jimenez et al. 

2018), using a more robust image base and 

comparing results with fractional orders in the 

interval 1.0 < 𝜔 < 3.0. The used base of images 

is composed by 20 coronary angiograms of 

300×300 pixels, each image has a corresponding 

ground-truth image, which were generated by a 

specialist of the Instituto Mexicano del Seguro 

Social UMAE T1 León, (Cervantes-Sanchez et 

al. 2019). 

 

The conformation of this work is as 

follows: in the next section the Hessian matrix 

and the GL fractional derivative are described, 

also, the Hessian matrix based method of Frangi 

is described. Following, the proposed method 

with the GL fractional derivatives to enhance 

angiograms is presented, after the results are 

evaluated using the ROC´s curves and they are 

displayed. Finally. some conclusions about the 

results are presented. 

 

Theoretical foundations 

 
Definition 1. Hessian Matrix 𝟐 × 𝟐. Let 𝑓 = 𝑓(𝑥, 𝑦) 

a continuous function defined in ℝ2, then, the 

Hessian matrix of 𝑓 denoted by ℋ𝑓(𝑥, 𝑦), is defined 

as a 2 × 2 matrix which groups all the second order 

derivatives of 𝑓(𝑥, 𝑦): 

 

ℋ𝑓(𝑥, 𝑦) = [

𝜕2𝑓

𝜕𝑥2

𝜕2𝑓

𝜕𝑥𝜕𝑦

𝜕2𝑓

𝜕𝑦𝜕𝑥

𝜕2𝑓

𝜕𝑦2

].                             (1) 
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The method of Frangi works obtaining a 

vesselness measure of an image, the vesselness 

is the classification of each bit as a part of a 

vessel or not. This is achieved using the 

eigenvalues of the Hessian matrix of the image 

ℋ𝐼(𝑥, 𝑦), and is defined by: 

 

ℋ𝐼 = [
𝐼𝑥𝑥 𝐼𝑥𝑦

𝐼𝑦𝑥 𝐼𝑦𝑦
].                                                (2) 

 

Where 𝐼𝑥𝑥, 𝐼𝑥𝑦, 𝐼𝑦𝑥 and 𝐼𝑦𝑦 denote the 

second order derivatives of the intensity image 

𝐼(𝑥, 𝑦): 

 

𝐼𝑥𝑥 =
𝜕2𝐼

𝜕𝑥2
= 𝐼(𝑥, 𝑦) ∗ 𝜎2𝐺𝑥𝑥  

𝐼𝑦𝑦 =
𝜕2𝐼

𝜕𝑦2
= 𝐼(𝑥, 𝑦) ∗ 𝜎2𝐺𝑦𝑦  

𝐼𝑥𝑦 =
𝜕2𝐼

𝜕𝑥𝜕𝑦
= 𝐼(𝑥, 𝑦) ∗ 𝜎2𝐺𝑥𝑦   

𝐼𝑦𝑥 = 𝐼𝑥𝑦.                                                              (3) 

 

The symbol * indicates convolution, in 

addition, 𝐺𝑥𝑥, 𝐺𝑥𝑦 and 𝐺𝑦𝑦 represent the second 

order of the Gaussian function 𝐺(𝑥, 𝑦) defined 

by: 

 

𝐺(𝑥, 𝑌) =
1

2𝜋𝜎2 exp (−
𝑥2+𝑦2

2𝜎2 ),                   (4) 

 

Since ℋ𝐼 is a symmetrical matrix the 

eigenvalues  𝜆1 and 𝜆2 are given by: 

 

𝛼 = √(𝐼𝑥𝑥 − 𝐼𝑦𝑦)2 + 4𝐼𝑥𝑦 

𝜆1 =
𝐼𝑥𝑥+𝐼𝑦𝑦+𝛼

2
  

𝜆2 =
𝐼𝑥𝑥+𝐼𝑦𝑦−𝛼

2
,                                                 (5) 

 

with the eigenvalues 𝜆1 and 𝜆2 the 

vesselness measure is calculated with the 

expression: 

 

𝑉𝐹 = {
exp (−

𝑅𝛽
2

2𝛽2) [1 − exp (−
𝑠2

2𝛾2
)] , 𝑖𝑓 𝜆1, 𝜆2 > 0

0                                                        , 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
     (6) 

 

𝑅𝛽 = 𝜆1/𝜆2, 𝑠 = √𝜆1 + 𝜆2, 𝛽 = 0.5, 

and 𝛾 is defined as a half of the maximum value 

of 𝑠, the final vesselness image is obtained using 

different scales for 𝜎 for each pixel of the image 

𝐼(𝑥, 𝑦). 

 

Grünwald-Letnikov Fractional derivative 

 

First to all, consider the ratio which define the 

derivative of a 𝑓(𝑥) function 

𝑓𝑟
′(𝑥) = lim

∆𝑥→0

𝑓(𝑥+∆𝑥)−𝑓(𝑥)

∆𝑥

𝑓𝑑
′(𝑥) = lim

∆𝑥→0

𝑓(𝑥)−𝑓(𝑥−∆𝑥)

∆𝑥
,
                                 (7) 

 

The expressions 𝑓𝑟
′(𝑥) and 𝑓𝑑

′(𝑥) are 

defined as the forward and backward 

derivatives. Then, the same process is applied 

again: 

 

𝑓𝑑(𝑥)
′′ = lim

∆𝑥→0

[ lim
∆𝑥→0

𝑓(𝑥)−𝑓(𝑥−∆𝑥)

∆𝑥
]−[ lim

∆𝑥→0

𝑓(𝑥−∆𝑥)−𝑓(𝑥−2∆𝑥)

∆𝑥
]

∆𝑥
  (8) 

 

simplifying we have: 

 

𝑓𝑑(𝑥)
′′ = lim

∆𝑥→0

𝑓(𝑥)−2𝑓(𝑥−∆𝑥)+𝑓(𝑥−2∆𝑥)

∆2𝑥
                    (9) 

 

to find the third order derivative the 

procedure similar: 

 

𝑓𝑑(𝑥)
′′′ = lim

∆𝑥→0

1

∆3𝑥
 [𝑓(𝑥) − 3𝑓(𝑥 − ∆𝑥) + 3𝑓(𝑥 − 2∆𝑥) − 𝑓(𝑥 − 3∆𝑥)]     (10) 

 

since the behavior of the coefficients is 

binomial, it is easy to find the 𝑛-order derivative 

using the binomial formula:   

 

𝑓𝑑
(𝑛)(𝑥) = lim

∆𝑥→0

1

∆𝑛𝑥
∑ (−1)𝑘𝑛

𝑛=0 (
𝑛
𝑘

) 𝑓(𝑥 − 𝑘∆𝑥)       (11) 

 

where 𝑛 ∈ ℤ+, and the binomial 

coefficient is given by: 

 

(
𝑛
𝑘

) =
𝑛!

𝑘!(𝑛−𝑘)!
,                                                  (12) 

 

if, 𝑛 is substituted by an arbitrary value 

𝛼𝜖ℝ, the binomial coefficient is defined by: 

 

(
𝛼
𝑘

) =
Γ(𝛼+1)

𝑘!Γ(𝛼+1−𝑘)
.                                                   (13)  

 

𝚪(∙) is the gamma function which 

extends the definition of factorial to arbitrary 

values. 

 

Definition 2: Grünwald-Letnikov 

fractional derivative. The fractional forward GL 

derivative is defined as: 

 

𝑓𝑑
(𝛼)(𝑥) = 𝑙𝑖𝑚

∆𝑥→0

1

∆𝛼𝑥
∑ (−1)𝑘 (

𝛼
𝑘

) 𝑓(𝑥 − 𝑘∆𝑥)∞
𝑘=0        (14) 

 

and, the fractional backward GL 

derivative of 𝑓(𝑥) is defined as: 

 

and the backward GL is: 

 

𝑓𝑟
(𝛼)

(𝑥) = 𝑙𝑖𝑚
∆𝑥→0

1

∆𝛼𝑥
∑ (−1)𝑘 (

𝛼
𝑘

) 𝑓(𝑥 + 𝑘∆𝑥)∞
𝑘=0               (15)  
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In the case when ∆𝑥 = 1 a simplest 

version of (14) is obtained 

 

𝐷(𝛼)(𝑥) = 𝑓(𝑥) − 𝛼𝑓(𝑥 − 1) +
𝛤(𝛼+1)

2𝛤(𝛼−1)
𝑓(𝑥 − 2) −

𝛤(𝛼+1)

3!𝛤(𝛼−2)
𝑓(𝑥 − 3) + ⋯.             (16) 

 

Even though the GL is an old definition, 

it is very useful in discrete applications, like the 

image processing, due to its practicality to be 

implemented in computer systems. 

 

Enhancing blood vessel using fractional 

Hessians  

 

In order to apply the fractional derivatives to the 

algorithm of Frangi a new definition based on 

Hessian matrixes is necessary. 

   

Definition 3. Fractional Hessian matrixes 

2 × 2 of order 𝟏 + 𝝋, and 𝟐 + 𝝋. The fractional 

Hessian matrix  2 × 2 of the order and 1 + φ, 

where φ ∈ (0,1] is defined as: 

 

ℋ1+𝜑𝐼 = [

𝜕1+𝜑𝐼

𝜕𝑥1+𝜑

𝜕1+𝜑𝐼

𝜕𝑥𝜑𝜕𝑦

𝜕1+𝜑𝐼

𝜕𝑦𝜕𝑥𝜑

𝜕1+𝜑𝐼

𝜕𝑦1+𝜑

]                              (17) 

 

and the fractional Hessian matrix  2 × 2 

of order 2 ≤ 1 + 𝜑 < 3, is defined as follows: 

 

ℋ2+𝜑𝐼 = [

𝜕2+𝜑𝐼

𝜕𝑥2+𝜑

𝜕2+𝜑𝐼

𝜕𝑥1+𝜑𝜕𝑦

𝜕2+𝜑𝐼

𝜕𝑦𝜕𝑥1+𝜑

𝜕2+𝜑𝐼

𝜕𝑦2+𝜑

]                     (18) 

 

The proposed method in (Martinez-

Jimenez, L. et Al. 2018), works using the GL 

fractional derivative to modifies the Frangi’s 

algorithm creating a fractional Hessian matrix 

ℋ𝜔𝐼, with 2 ≤ 𝜔 < 3. The algorithm was 

probed using an angiogram set of 4 images with 

its respective ground-truth image, and the area 

under the ROC’s curve. Despite was no probed, 

was mentioned that the performance of the 

algorithm decayed when 𝜔 < 2.  

 
In the present project a similar methodology 

to (Martinez-Jimenez et al. 2018) is implemented, 

using the GL fractional derivative and the ROC´s 

curve. However, here, a set of 20 angiograms with its 

respective ground-truth images were utilized. The 

order of the fractional derivatives was 𝜑,  2 ≤ 𝜔 <
3. Then, the eigenvalues were calculated and with 

them the vesselness images for each pixel. 

 

 

 

 

Results 

 

The ROC (Receiver Operating Characteristic) is 

a powerful tool, used to evaluate the 

performance of a binary classifier. In this case is 

about the classification the pixels as vessel or 

not, the results are in the four situations:  

 

- TP True positive: A vessel pixel was 

correctly classified, as a vessel pixel. 

 

- TN True Negative: A no vessel pixel was 

correctly classified as a no vessel pixel. 

 

- FP False Positive: A no vessel pixel was 

incorrectly classified as vessel pixel.  

 

- FN False Negative: A vessel pixel was 

incorrectly classified as no vessel pixel. 

 

The area under the ROC’s curve is a 

graphically way to represent the ratio between 

the TP against the FP and, the shape of the curve 

tends to be a rectangle when the total of the TP 

is near to 100%.  

 

In order to analyze the behavior of the 

proposed algorithm with fractional orders the 

study was performed into two steps: in the first 

one, the algorithm was evaluated using the 

fractional order in the interval 1 < 𝜔 ≤ 2, and in 

the second the interval was 2 < 𝜔 < 3. Each 

angiogram image was analyzed using the area 

under the ROC´s curve and each fractional 

value. With the set of results the mean, the 

maximum and the minimum for each value of 𝜔 

was calculated. The results are shown in the Plot 

1.     

 

Plot 2 shows, the result to apply the 

algorithm to the angiogram 13, and the fractional 

orders: 𝜔 = 1.95, 𝜔 = 2, and some values 𝜔 >
2. We can see that the value of the area is smaller 

when 𝜔 < 0 than when 𝜔 = 0 and increases as 

𝜔 > 0, however, it reaches its maximum 

approximately at 𝜔 = 2.9,  after it is decreasing. 

Specially for 𝜔 > 2.13. 
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Graphic 1 Average, maximum, and minimum values 

obtained of the set of angiograms and the ROCS’s curve, 

each image was evaluated with fractional orders 1 < ω <
3 

Source: Own elaboration 

 

The curves show that, using fractional 

orders 𝜔 < 2, the area values are smaller than in 

the ordinary solution (𝜔 = 2), this, confirms 

that, to use fractional order 𝜔 < 2, does not 

improve the results. However, using fractional 

orders 𝜔 > 2, help to improve the area values, 

respect to the ordinary solution, the best results 

are found when 2.05 ≤ 𝜔 ≤ 2.13, but the area 

values decaying with 𝜔 > 2.13. 

 

 
 

Graphic 2 ROC’S curves using some values of ω applied 

to the angiogram 13 of the set. A is the corresponding area 

under the curve value 

Source: Own elaboration 

 

In the Figure 1 the angiogram 13 and its 

corresponding ground-truth image are shown, in 

the ground-truth the arteries was marked by a 

specialist, is utilized as reference to evaluate the 

performance of the algorithm.   

   

  
 
Figure 1 Angiogram 13 (a) original image and (b) ground-

truth image 

Source: Cervantes-Sanchez et al. 2019 

 

In the Figure 2, the results of apply the 

algorithm to the angiogram 13 with the 

fractional orders 𝜔 = 1.95, and 𝜔 = 2.0 

(traditional solution), we can see that, the result 

when 𝜔 = 1.95 is worse that, the traditional one. 

 

  
 

Figure 2 Obtained result using the algorithm in the 

angiogram 13, (a) with fractional order ω = 1.95 and (b) 

with ω = 2.0 (traditional solution) 

Source: Own elaboration 

 

In the Figure 3 the results are shown 

when the algorithm is applied using the 

fractional values 𝜔 > 2, (a) with fractional order 

𝜔 = 2.06 and (b) with fractio0nal order 𝜔 =
2.09, it was the best result. 

 

  
 

Figure 3 Obtained result using the algorithm in the 

angiogram 13, (a) with fractional order ω = 2.06 and (b) 

with ω = 2.09 the best result was obtained here 

Source: Own elaboration 

 

In the Figure 4 the results are shown 

when the algorithm is applied using the 

fractional values 𝜔 > 2, (a) with fractional order 

𝜔 = 2.12 and (b) with fractio0nal order 𝜔 =
2.15.   
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Figure 4 Obtained results using the algorithm in the 

angiogram 13, (a) with fractional order ω = 2.12 and (b) 

with ω = 2.15 the best result was obtained here 

Source: Own elaboration 

 

Attached 

 

The angiograms database is available in: 

http://personal.cimat.mx:8181/~ivan.cruz/Datab

ases.html 
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Conclusions 

 
In this work the proposed algorithm in 2018 based on 

the Frangi’s one and fractional derivatives, was 

evaluated using fractional orders 2 < 𝜔 < 3 and the 

area under the ROC’s curve. The evaluation was 

using fractional orders in two steps, in the first, the 

order was in the interval 1 < 𝜔 < 2, and, in the 

second, was in the interval 2 < 𝜔 < 3. The 

evaluation of the development of the algorithm was 

made using 20 angiograms with its respective 

ground-truth and the ROC’s curves. The results show 

that the best results are obtained when the derivative 

order is in the interval 2 < 𝜔 < 2.15. 
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