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Abstract

In this paper we discuss the asymptotically almost efficient estimation of a univariate static
cointegrating regression relationship when we take into account the deterministic structure of
the integrated regressors, in a slightly more general framework that considered by Hansen
(1992). After reviewing the properties of OLS and Fully Modified OLS (FM-OLS) estimation
in this framework, we consider the analysis of the recently proposed Integrated Modified OLS
(IM-OLS) estimator by Vogelsang and Wagner (2011) of the cointegrating vector and propose a
new proper specification of the integrated modified cointegrating regression equation. This
alternative method of bias removal has the advantage over the existing methods that does not
require any tuning parameters, such as kernel functions and bandwidths, or lags. Also, based on
the sequence of IM-OLS residuals, we propose some new test statistics based on different
measures of excessive fluctuation for testing the null hypothesis of cointegration against the
alternative of no cointegration. For these test statistics we derive their asymptotic null and
alternative distributions, provide the relevant quantiles of the null distribution, and study their
finite sample power performance under no cointegration through a simulation experiment.

Keywords: cointegration, asymptotically efficient estimation, OLS, FM-OLS, IM-OLS,
trending integrated regressors

2 Introduction

Cointegration analysis is widely used in empirical macroeconomics and finance, and includes
both the estimation of cointegrating relationships and hypothesis testing, and also testing the
hypothesis of cointegration among nonstationary variables. In the econometric literature there
are many contributions in these two topics, some of which deals with these two questions
simultaneously. Given the usual linear specification of a potentially cointegrating regression, a
first candidate for estimation is the method of ordinary least squares (OLS), that determines
superconsistent estimates of the regression parameters under cointegration. However, with
endogenous regressors the limiting distribution of the OLS estimator is contaminated by a
number of nuisance parameters, also known as second order bias terms, which renders inference
problematic. Consequently, there has been proposed several modifications to OLS to makes
standard asymptotic inference feasible but at the cost of introducing the choice of several tuning
parameters and functions. These methods include the fully modified OLS (FM-OLS) approach
of Phillips and Hansen (1990), the canonical cointegrating regression (CCR) by Park (1992),
and the dynamic OLS (DOLS) approach of Phillips and Loretan (1991), Saikkonen (1991) and
Stock and Watson (1993). This paper deals with the analysis of a new asymptotically almost
efficient estimation method of a linear cointegrating regression recently proposed by Vogelsang
and Wagner (2011) (henceforth VW) that does not require any additional choice more than the
initial standard assumptions on the model specification, making it a very appealing alternative.

This new estimation method, called the integrated modified OLS (IM-OLS) estimator,
only requires a very simple transformation, which is free of tuning parameters or any other
previous computation, of the model variables that asymptotically produces the same correction
effect as the commonly used estimation methods cited above. This simplicity open the
possibility to a more straightforward treatment of more complex models incorporating some
additional effects and components.
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Despite these advantages, the main criticism comes from the fact that, asymptotically,
this estimation method does not produce fully efficient estimates as compared with the other
existing methods. However, simulation results obtained by the authors seems to indicate that,
even in very small samples, the efficiency loss is not severe and hence the estimation results are
reliable enough.

An important issue, which is often is not taken into account and that can substantially
affect the performance and properties of these estimation procedures, is the nature and structure
of the deterministic component, if any, of the generating mechanism of the model variables and
its relation with the deterministic component, if is considered, in the specification of the
cointegrating regression. Following the work by Hansen (1992), we generalize its formulation
by allowing for deterministically trending integrated regressors with a possibly different
structure for their deterministic components and propose a simple rule for a proper specification
of the deterministic trend function in the cointegrating regression that simultaneously correct for
their effects.

Given the particular transformation of the model variables required for performing the
asymptotically efficient IM-OLS estimation, we show that a proper accommodation of these
components must be based on a previous transformation of the model variables, in particular the
OLS detrending. With these corrected observations we perform the IM-OLS estimation of the
cointegrating regression and derive the limiting distributions of the resulting estimates and
residuals both under the assumption of cointegration and no cointegration.

Based on these new asymptotically efficient estimators of the vector parameters in the
cointegrating regression, we consider the building of some simple statistics for testing the null
hypothesis of cointegration by using different measures of excessive fluctuation in the IM-OLS
residual sequence that cannot be compatible with the stationarity assumption of the error
sequence. These new testing procedures are based on the statistics proposed by Shin (1994),
Xiao and Phillips (2002) and Wu and Xiao (2008) with the same objective as ours, and make
use of two basic measures of excessive fluctuations, the Cramér-von Mises (CvM) and
Kolmogorov-Smirnov (KS) metrics. We derive their limiting null and alternative distributions
and evaluate their power behavior in finite-samples through a simulation experiment.

The structure of the paper is as follows.

In Section 2.1 we formalize the specification of the data generating process and the
econometric model relating the variables, a linear static cointegrating regression, together with
the set of assumptions needed to obtain the more relevant distributional results of the usual
estimators of the model parameters and residuals. We review the estimation results from some
commonly existing estimation methods in this setup, as well as the specification of a set of
related semiparametric statistics that we use as a reference for later development of new testing
procedures for the null hypothesis of cointegration in Section 4 based on the results of the new
estimation method that we analyze.

This section also introduce a very simple to compute testing procedure based on OLS
residuals for testing the null hypothesis of no cointegration that generalize a previous one in the
univariate analysis of an individual time series.
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Section 3 reviews the main characteristics and introduce some new results for the new
recently proposed estimation method for an univariate cointegrating regression equation model
by Vogelsang and Wagner (2011), which is called the IM-OLS estimator. As for the existing
estimation methods reviewed in Section 2.1, we analyze the more appropriate treatment of the
underlying deterministic component characterizing the observations of the integrated regressors
and also obtain new asymptotic results concerning the behavior of the estimates under the
assumption of no cointegration. With these results, Section 4 propose a new set of
semiparametric statistics for testing the null hypothesis of cointegration based on the behavior
of some simple functionals of the IM-OLS residuals and characterize their limiting distributions,
both under cointegration and no cointegration. Finally, all the mathematical proofs are collected
in Appendix A while that Appendix B presents some numerical results, including critical values
for the proposed testing procedures and the illustration of their behavior through its power
performance in finite samples.

2.1 The model, OLS and FM-OLS estimation of the linear cointegrating regression with
trending regressors

We assume that the variables of interest, the scalar Y, and the k-dimensional vector

X, = (X e X,), come from the following data generating process (DGP)
Y,

)

Where n, =(r|0,t,r'|ﬁ,t)’ is the stochastic trend component that satisfy the first order

!/
a, T
0p p,r}jL[“orf]_AprtJrnt t=1,..,n 2.1)
A T k,t ’

k,p ¥ p,t

recurrence relation n, =N, +€,

With €, =(g,,,€,,)’ a k+1 vector zero mean sequence of error processes. Also, we

consider the general case where both Y, and each element of the k vector X, =(X,,...,X.)

contains a deterministic trend component given by a polynomial trend function of an arbitrary

order p; 2 0, i = 0, 1, ..., k, that is d,, :a‘i,,prp,t’ with o, =(a, o, @, ..., )", and

T, = (1,t,...,t”)". To make this assumption compatible with the standard formulation in (2.1)

where all the deterministic trend components appears as if it were of the same type and order,
we have to write.

! _( ! .0/ ) Tﬂi'f '/ i=0.1 k 22
Qi p Ty e =\ 2, T =0T 170 L (22)
p—p; .t
With p = max(py, p1, ..., px) and Opfpf a (p—p;)x1 vector of zeroes, so that.
! !/
allpltplrt al:P
Ak,prp,t = : = : Tp,t (23)
/ /
ak:ﬁktpk:t ak;l’

With this formulation, we introduce the static potentially cointegrating regression
equation between the unobserved stochastic trend components of the elements in Z, as
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Toe =M Be +, 24)
Which gives
Y,=a,t,, +B. X, +u t=1..,n (2.5)

Witha, =a, , —A,ilpﬁk. Associated to the deterministic component we introduce the

polynomial order trend and sample size dependent scaling matrix I, , given by

T —1 — . . o . ! :
r,,=diag(l,n",..,n" "), which gives t,,, =T, 1,, —1,(r)=(1,r,...,r’)" uniformly over

r e [0,1] as n—oo Also we have that n* [t”:'i'cp,m—>f6'cp(s)ds, and

-1 n

/ __ a1 N .
N Tt =n0 Q,,=Q,,,—Q, a n—own, with Q. be defined as

Q, = éfcp(s)'cp(s)’ ds <oo,. In order to complete the specification of our data generating

process we next introduce a quite general and common assumption on the error terms involved
in (2.5).
Assumption 2.1.1

We assume that the error term in the cointegrating regression u, satisfy the first-order
recurrence relation U, = awl, ; +v,, with |a| < 1, where the zero mean (k+1)-dimensional error

sequence §, =(v,,&,,)’ verify any of the existing conditions that guarantee the validity of the

functional central limit theorem (FCLT) approximation of the form

B,,.(r) _ (v, _ (B, _ Ol
[Bm(r)J" /2{8 ]?B(r)[Bk(r)]BM(QO"’D/W(” 0<r<1 (2.6)

t=1 \"k;t

With W(r)= (W, (r), W/(r))" a k+1-dimensional standard Brownian motion, and Q,
the covariance matrix of B(r), which is assumed to be positive definite and that can also be
interpreted as the long-run covariance matrix of the vector error sequence §,, that is

Q, =E1§.&/1+ >, (B, ,G1+EIG&/, 1), which can be decomposed as Q) =A,+Ag,
with Ay =2 +A, =27 E[C, /] the one-sided long-run covariance matrix, where
X, =E[§&], and Ay =37, E[€, /1. This covariance matrix is partitioned according to the
components of §, as w’, @, =®/, , and €, . The assumption of positive definiteness of Q
excludes cointegration among the k integrated regressors X, (subcointegration) with
B, (r)=BM(Q ), Q,>0. Given the upper triangular Cholesky decomposition of the
matrix Q,, we then have that B, (r)=B_,(r)+7,.B,(r), with B, (r)=w, W.,(r), and
B, (r)=Q} W, (r), where Yo = i@, and
w?, =E[B,, (r1=E[B,(r)B,(N]=v] —®, L @, is the conditional variance of B,(r)
given B, (r), which gives E[B,(r)B,,(r)]=0,.
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For the initial values m,, and u,, we introduce the very general conditions

1/2

Mo = op(nl/ %), and u, = 0,(n”""), which include the particular case of constant finite values.

In the case of a stationary error term u,, with |a|] < 1, we then have that

n 23y =B (r)=@1—a) 'B,(r), with B,(r)=B8,,()+YB(r), V.= o,

t=1
2

E[B,(r)]1=uw} =(1—a) "w), E[B, (1=l =) =V Q¥ =1 —a) "wl,, and
E[B,(r)B,(r)]= ®,, =(1— ) ‘®,, , while that in the case of nonstationarity, that is when o =

Y zu[nr] = B,(r)=B,(r), with w? =w?. This means that, from the initial condition on

1, then n~
€, =(v,,&,,) , we have that under stationary error terms u, the sequence &, =(u,,&, )" also
satisfy a multivariate invariance principle with a long-run covariance matrix € given by the
components w’, ®,, =®,,, and €}, . Particular attention must be paid to the long-run
covariance vector between €,, and u,, ®,,, given that it controls for the endogeneity of the

integrated regressors in the cointegrating regression model.

With these results then we have:

Lnr] B (r v=1/2
n I, =n "> :>Ju(r):{ ”r( ) 2.7)
— fo B,(s)ds v=—1/2
With v =1/2 and v = —1/2 indicating, respectively, the stationary and nonstationary

cases.

This formulation forms the base for obtaining standard limiting distributional results for
the estimators of model parameters and residuals both under cointegration and no cointegration.
However, there are some other useful formulations that allow for a more general and unified
treatment of the different behavior of this scaled partial sum process of the error correction
terms U, under these two situations. One can cite, for example, the local-to-unity approach
introduced by Phillips (1987) that considers the situation where the autoregressive parameter o
depends on the sample size as v =0, =1 +n~"\, with A < 0, where A < 0 corresponds to the

stationarity case (that is, cointegration), while that A = 0 corresponds to the nonstationary case
(that is, no cointegration) irrespective to the sample size. Taking into account that we can write

o, =exp(\/n)+0(n~?) for small values of A, then we have that:

[nr]
I =n""u = (u,/n)e"™" +-n"1/? Ze“"’]’tw"vt +0,(1)= 4, (r) (2.8)
t=1
Under the above assumption on the initial value u,, where the weak limit J, (r) in the
near-integration case is given by the Gaussian process J,(r)= f 5 e('fs)deU(s) =
B, (r)+X f A e(H)XBU (s)ds that is called an Ornstein-Uhlenbeck process which, for fixed r > 0,
has the distribution J, (r)=" N(0,(€*™ —1)/2\).
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An alternative, and more recent, formulation has been proposed by Jansson (2005a, b),
in the context of developing a point optimal cointegration test and also incorporating a local-to-
unity representation, which is given by Au, =(1—6L)v,, where 6=0 =1—n*\, with A >
0. In this framework, the value A = 0 corresponds to the case of stationarity, while that A > 0

corresponds to no  cointegration, as can be checked when = writting

u, = u, — v, +0v, +(N/N)(L/~n)>=;_, v,], which gives.

[nr] [nr] t

N0, =" U, —6u,) + 6072 "o, +N(1/n)> (/) v, (2.9)

t=1 t=1 i=1

With weak limitn *?U_. = B,(r)+X f 0B, (s)ds, only when the initial values u, and

[nr]

—1/2

v, are both of ordero,(n *'”). These two cases provide very different stochastic limits but both

determine the same orders of convergence for the estimates of the model parameters o, and

B, (as will be seen later), given by the ones corresponding to the case of no cointegration in the

standard framework."?

Once discussed all these questions concerning the different representations and
stochastic properties of the correction error term U, in the cointegrating regression model, in
what follows we will retain the most standard formulation introduced in (2.7) to address the
central issue of this study which is the study of the properties and behavior of some alternative
and commonly used estimation methods and test statistics and of the new estimation method
considered in Section 2..

Given the specification of the linear static cointegrating regression equation (2.5), the
standard approach is to use Ordinary Least Squares (OLS) method to estimate the vector

parameters o, and B, , which gives:

Z[§ }(t:,,t,XLt)] Z[,”( ]ut @10

t=1 k,t t=1 k,t

a,,—Qa,

ﬁk,n - Bk

Taking into account the structure for the deterministic and stochastic trend components
of the observed processes Y, and X, , in (2.1), we can write:

[Tp’t J: orfon |y [ Tor | _w [tp'mJ @.11)
Xk'f Ak,pr;;’tp,m—l_nk,t ! nfl/an,t ! nk,tn

With weighting matrix W,, given by

"2 For a recent study on the asymptotic and finite-sample properties and behavior of some commonly used
estimation methods in the presence of highly persistent regression errors (or, equivalently, strongly
serially correlated error terms) see, for example, Kurozumi and Hayakawa (2009). This paper makes use
of a related but different approach to the above considered n local-to-unity system, the so called m local-
to-unity system, which seems more appropriate when focus on the cointegrating relation. Also, for a
recent study of the asymptotic and finite-sample properties of a variety of estimation methods for a single
cointegrating regression model making use of a modified version of the n local-to-unity approach and the
one proposed by Jansson (2005a, b), see Afonso-Rodriguez (2013).
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W = Lo 0"“*] (2.12)
! Ak prpil \/ﬁlk,k

—1/2_1

Which allows the reweighted regressors (t’ M) to converge weakly to a full-

ptn'

ranked process, so that the OLS estimation error of o, and 3, can be written as

a,,—a B
L =n" Wl (2 1p2m ; tns 11 71/2 //(t
[Bkn Bk] i ) ( /”)Z[ v nkrt] o " )]
S B

With the power v taking values £1/2 depending on the stochastic properties of the error

(2.13)

sequence U,, and determining the order of consistency of the OLS estimates. From this

expression we have that "W, [(&,, —a,)’, ([3;(,,, —B.)'] can be written as:

6,,0)|_[n'T,l@&,,—a,)+ AL, B, B,
k, n(v) n1/2+V (Bk,n _Bk)

fom 5 e et fos] B )

0,v)=| .
(2.14)

The usual result in this context is as in (2.14) but with Ak,p =0 that corresponds

k,p+1 >
to the case where the integrated regressors have no deterministic component which, in our
formulation, implies that the deterministic term appearing in the cointegrating equation must
correspond to the one contained in Y.

The first relevant question concerning the effect of explicitly considering the structure
of the deterministic components underlying the observations of the integrated regressors is that,
in general terms, the OLS estimator of the trend parameters in the cointegrating regression
model contains is biased in finite samples and is asymptotically unbiased only when p = 0, that
is, when all the integrated regressors only contain at most a constant term. To see this, the first
term in (2.14) can be written as

LA, —a,)+AL B, —B)
=Q;:,an,,,mut —Q;:,anp,m n Y N B, — B, (2.15)

n
_ _ ,(1 ) 1 —1/2, 1 \A
=n V{ ppn VZTptnu pp,n(l/n)ztp,tn nkt) k,n(v)
t=1

Where (:)k‘n(v):nl/ 2”([?’;,(,”—[3,() indicates the scaled OLS estimator of the

cointegrating vector. This gives that the scaled OLS estimator of o, can be written as
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T, (&,,—o,)=—n""T, A O (V)

o _ n . (2.16)
+{Qp:,,,n N Wt —Q, (1)) 1,0 l“nzt)cak,n(v)}
t=1 t=1

Where n 21";1 =diag(1/~In,~In,...,n"*?), so that the first term contains the bias
caused by the trend parameters in A, = (aip,...,a,i,p)' , while that the estimate of By is exactly
invariant to the presence of deterministic trends in the regressors, i.e., to the values of Ak,p
Hansen (1992) has considered a similar situation, but assuming that Y, =m,, with

d,,=a t .=0,and p;=m,i=1, ..k with T, = (7,17, )',1 <p, <..<pp, and

o, 0,00 "ot
scaling matrix I',  =diag(n™™,n",..,n""") (see Theorem 1(a, b), p.93).” The main
differences with our approach are the no inclusion of a constant term and the inclusion of a rank
condition on the coefficient matrix A, , particularly, rank( A, ) = m < k. Then, from (2.1)

we have that

Fm,n [(AI/(,mAk,m )71 AI/<,m ]Xk L[nr] =7 m J[nrln + '\/_rm n [(A/ )71 Ali,m](nil/znk,[nr])

+0,(n ") =1, (r) @17)

=T m Inr]n

Which allows the possibility to develop a sequence of weights which yield a
nondegenerate design limiting matrix when estimating (2.3) by OLS under the restriction
o, =0, . However, as can see from the previous result, this only yields consistent results when

p1 > 1, and there is no constant term in the regression neither in the polynomial trend function."
Under the assumption of cointegration (v = 1/2), then the limiting distribution of the last term in
(2.6) is given by

R
T,(s ) ) / 0,.

With A, =>7" E[g,, u] given by the probability limit  of

(2.18)

" In the context of evaluating the effects of detrending in the estimation of a cointegrating regresion, it is
also worth to mention the work by Xiao and Phillips (1999), where the authors compare the results of
OLS detrending and detrending after quasi-differencing when the variables in a multivariate cointegrated
VAR model contain a deterministic trend function. However, given the differences between our
framework of analysis and the one used in this paper, we are not going to make use of their results.

4 See also Hassler (2001) for a related study in the case where the specification of the cointegrating
regression equation does not include any deterministic term but the integrated regressors X, , do contain a
constant term.
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A, =030 Em.u,). "This limiting distribution contains the second-order bias due to the
correlation, both contemporaneous and over time, between the error term u, and g,

(endogeneity of the stochastic trend components of the regressors), and the non-centrality bias
that comes from the fact that the regression errors are serially correlated through the parameter
A «u- This second-order bias determine a miscentering, an asymmetry, and a nonscale nuisance

parameter dependency to the limit distribution of [Aik , . For the first term above we have that

JiB,(s)dB, ,(s)=w, QY [1 W, (s)dW, (s) where, given the independence between B, (r)

and B, (r), conditioning on B,(r) (or W,(r)) can be used to show that this term is a zero

mean Gaussian mixture of the form
-1

f W,(s)w,, ()= [ N0, GLPG,,), Gy, = [ W, (s)W. (s) 2.19)

The second term in the expression between brackets is a matrix unit root distribution,
arising from the k stochastic trends in X, ., which is cancelled under strict exogeneity of the
regressors, that is when ®,, =0, . Finally, from the decomposition of X, , in (2.1) and the
results in (2.14) and (2.15), the sequence of OLS residuals given by

G, k) =, =T, (@, —0t,) = X[ By, —By) 220
=u,—1 (T2 &, —o,)+ AL B, —BI— (01, B, —B)] ‘

That can also be written as

n
~ !/ -1
Ut'p (k) =u, — Tp,thpp,nZTp.fnuf

_nl/z{ ,t pthpp nztp /nnk} ['\/_(Bkn Bk)] (221)

_ —(1/24v) 0 1/2+
_ut,p_ Vnktp[n V Bk,n_Bk)]

So that the OLS residuals are exactly invariant to the trend parameters, and are
decomposed in terms of the detrended versions of u, and M, , as defined in (2.8). For later use,

we define the partial sum of the detrended errors in the cointegrating regression (2.3) as
=> with:

j=1 /P’

—(1 v) (1 v) —(1-v) / - 7(1 v)
U[nr]p Zutp ZU Z ptn npp thm u, (222)

=1
Where, asymptotlcally, we get

V,,(r)  v=1/2 (lal<1)

*(1 V)U
fo B, (s)ds v=—1/2 (a=1)

[nrl,p

=J,, (= (2.23)

With V, (r) a generalized (p+1)th-level Brownian bridge process given by

"* The result rA, , is obtained by writing A, (r)=n"" 2" E[m, .u,1="2([nr]) " X" E[n, .4, ], so that

A, () =2 ([nr]) " X Eln, U, ]+Z["'] "([nr])™ Z[—m Ele,, ,u,]1)]and the use of the initial condition n,
and Assumption 2.1 on the properties of the error terms.
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V,,(N=8,n— [ v/ (s)ds Q! Olrp(s)dBu(s) (2.24)

With variance E [Vu'p(r)z] = wi-bp(r) , where b (r)=r— f o 't:,(s)dSQ;p1 0T,(s)ds, and

B,, (r) a (p+1)th-order detrended Brownian motion process defined as

B, ,(r)=B,(r)—7,(Q,, j; lt,,(S)Bu (s)ds (2.25)

As the stochastic limits in (2.9)."° Finally, making use of (2.24), and the relation
B,(r)=B8,,(r)+7,B,(r) we then have that V, ,(r) can be decomposed as

V,, (=8, [ 5, (s)dsQ,; Oltp(s)dBu_k(s)

. . (2.26)
70 B~ [ dB,(s),(5)'Q,, [ hls)ds =V, (1) +7/V,,, (1)

Where, by construction, it is verified E[V, (r)V,, (r)]=E[B, (r)V,, ,(r)]=0,, with
B, ,(r) defined in (2.14) below, and Var[V,, ,(r)]=w, b, (r).

In order to complete this analysis and to establish the basis for our proposal in the next
section, we consider an alternative specification to the cointegrating regression equation (2.3).
By applying the partitioned OLS estimation to the regression equation (2.5) with respect to the
trend parameters, we have that this model can also be written as

\’t,p = Bifikt,p +u,,, t=1..,n (2.27)

; / —1 n v _ n I —1
Where Y, =Y, —1,,Q,,,20 17, ) Xe,=X,, —27,X, 7, ,,Q,,, T, and

j=1 "p,jn"j> k,j “p,jn

_ ! —1 n . .
u,=u, —1,,Q_ > 1, u, denote the detrended observations of the model variables

obtained by OLS fitting of their original observations to a pth-order polynomial trend function,
where p is chosen according to the rule p > max(py, pi, ..., pi) in the case where the polynomial
trend functions in ¥, and each component of X, , differ in their orders. The next Proposition
2.1 determines the effectiveness of this procedure to make the OLS-based estimation results
invariant to the trend parameters in (2.1).

Proposition 2.1. Given (2.1)-(2.2), when considering the OLS detrending of Y, and Xk,t

'8 Explicit expressions for these two limiting processes, V,,(r) and B, (r), can be obtained in the leading
cases of p = 0 (constant), and p = 1 (constant and linear trend). Specifically, we have that
V,o(r)=8,(r)-rB,(1), and Vu'](r)=Bu(r)+(2—3r)rBu(l)—6r(1—r)f(l) B,(s)ds for the first and second-level
Brownian bridge, while that B,,(r)=B,(r)-[;B,(s)ds, and Bu’l(r):Bu(r)+2(3r—2)ﬂ)Bu(s)ds
—2(6r—3)f(1) SB,(s)ds are the particular expressions for the demeaned and demeaned and detrended
Brownian processes, respectively.
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by fitting a polynomial trend function of order p = max(py, pi, ..., Pi) to each of these variables,
then we have that

Yt,p = rr]Ot‘,p - T]o t Tp thpp n Z/ =1 "p, JnTIOI (228)
And
th,p = nkt,p = le t 27 1 T]k/ ;/nQ;pln pitn (hlt P’ lT]kt p), (229)

Where m, , and M, , are generalized detrended transformations of m,, and M, ,, with

n Y., =B, (N =B,(r)— f B, (s)t, (s)dsQ; ', (r) (2.30)

a (p+1)-order detrended transformation of B, (r). According to Lemma A.2 in Phillips
and Hansen (1990), B, ,(r)=BM(C, ,-v,(r)) is a full rank Gaussian processes, with v, (r) a

scalar function of r and 7 (-) .

Proof. See Appendix A.1.

By OLS estimation of the cointegrating vector component [3, in (2.13) we have that

(1/2+v)(Bkn Bk)_[Zthp ktp] Zxktp Ut p

—1 n
[(1/’7)2 (n Y nkt P 1/2n/,<t P ] n7(17V)Z(n71/2nkt,p)ut,p
t=1

op,n’1

2.31)

. _ 7(1 v)
Given that u, ,=u, —n"~ tp n > =1 T, nU; » then under cointegration (with v

= 1/2) we have that n “*>" 1. u. =0,(1), and thus v, ,=u, +Op(n71/2), so that this

j=1 "p,jn”j
expression gives the same limiting result as before. This last expression allows to obtain the
limiting distribution of the OLS estimator of B; under no cointegration. In this case, making use
of the result in (2.9) for v =—1/2 when o = 1, we get the following

Bon—Be= [ By, (5B, (s)ds f B, ,(s)dJ, ,(s) (2.32)

Where dJ, ,(r)=B8, ,(r)dr.

The OLS residuals in (2.8) can be used as the basis for building some simple statistics
for testing the null hypothesis of cointegration against the alternative of no cointegration, given

that d, ,(k)=0,(1) when v=1/2, and d, ,(k)=0,(n""?) whenv=-1/2.

This difference in behavior under the null and the alternative can be exploited by
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searching for excessive fluctuations in the sequence of scaled partial sum of residuals
(k)=n"232"4, (k) =n"20,

e Up i p(K) through several global measures, such as a

[nr] P
Cramér-von Mises (CvM) measure of fluctuation as in Shin (1994), or a Kolmogorov-Smirnov
(KS) measure as in Xiao (1999), Xiao and Phillips (2002), and Wu and Xiao (2008)."” From
(2.8), the scaled partial sum of OLS residuals is given by

[nr]

n "0, (K=n"""B  (K)=n""U,,,—@1/n)> (n"n,,)0,,v) (2.33)

[nrl,p

Where B

(nrl,p

(k)=n""0,

[nr

,0(k) under cointegration with v = 1/2. Given that, apart of

. . —(1—v)
the asymptotic behavior of n Uinrip

stated in (2.9)-(2.11), the limit distribution of

nf(lf")l][m]lp(k) is mainly determined by that of C:)kl,,(v)znl/zw([gk,,, —PBy), revealing its

dependence on the same nuisance parameters that before. Thus, under cointegration we get

B 0=V, (0~ [(B,(ds ['B, ()8, ,(5Vds  ['B,, ()Y, (A, (234

Which can also be written as

~

B[nr],p (k) = quuk,p (r) (235)

With

— 1 / o “12
W, () =w,, ()= [T W] (ks [ W (W (s)ds [ W, (sldw,,(5)+Q, A, (236)

Where Varlw, (r)]=b,(r), and Var[W, (r)]=v, (rI,, with b,(r) and v,(r)

defined above. In any case, this limit null distribution depends on w?, p and k, and only in the

case of strictly exogeneous regressors and serially uncorrelated error correction terms in the
cointegrating equation it is free of any remaining nuisance parameter. Thus, the main difficulty

comes from the dependency on €, and A,, that cannot be removed trough a scaling

transformation. On the other hand, under no cointegration, we have that E}[n,]‘p(k):Op(n),

which determines that

n*?0,,,,k=n"8,, (K

2.37
1,0 [ (B, (5)ds ['B, 6B, a5 [ B, 8,00

"7 The test statistic proposed by Shin (1994) is the generalization of the KPSS statistic for the null of
stationarity by Kwiatkowski et.al. (1992), while the test statistics considered in Xiao (1999), Xiao and
Phillips (2002), and Wu and Xiao (2008) are the generalizations of the KS test statistic formulated by
Xiao (2001) to the cointegrating framework, which can also be interpreted as a CUSUM-type test
statistic.
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With J, (r)= f 0B, ,(s)ds (see equation (2.9).

This random limit, using the factorization B, ,(r)=w W, ,(r) with B, (r) defined in

(2.11), can also be factorized as w R, (r), with R, ,(r) given by

Rl = [ W, (5)ds— [W,,(sVds [ W, (W, (s)ds ’ LW, (s)ds 238)

And where Var[W, ,(r)]J=v,(r). Existing statistics for testing the null hypothesis of

cointegration against the alternative of no cointegration that make use of the stochastic

properties of é[m]’p(k) consider different global measures of what can be considered excessive

fluctuation not compatible with the assumption of a stable long-run relationship among the
model variables. Thus, the CvM-type test by Shin (1994) is based on a global measure of

fluctuation given by S, (k)= (1/n) Z:':l(éf,p (k))*, while that the KS-type test statistic proposed
by Wu and Xiao (2008) is based on the recursive centered measure of maximum fluctuation
R,,(k)=max,, |8, (k)—(t/n)B, (k). Xiao (1999), and Xiao and Phillips (2002) consider

a no centered version of this test statistic given by CS, (k)=max,_, , |ét,p(k) |, which is the

same as R, (k) when based on OLS residuals and the deterministic component contains a

constant term. The main problem with this approach is that, unless corrected, the null
distribution of all these test statistics are plagued of nuisance parameters due to endogeneity of
regressors and the serial correlation in the error terms that cannot be removed by simple scaling
methods. There exist some different methods, which are known as asymptotically efficient
estimation methods, to remove these parameters and that differ in the treatment of each source
of bias. Among the existing estimation methods, the three most commonly used are the
Dynamic OLS (DOLS) estimator proposed by Phillips and Loretan (1991), Saikkonen (1991)
and Stock and Watson (1993), the Canonical Cointegrating Regression (CCR) estimator by Park
(1992), and the Fully-Modified OLS (FM-OLS) estimator by Phillips and Hansen (1990). These
three estimators are asymptotically equivalent and, as was proved by Saikkonen (1991),
efficient. The corrected test statistic proposed by Shin (1994) makes use of the DOLS residuals,
while that the test statistics considered in Xiao (1999), Xiao and Phillips (2002) and Wu and
Xiao (2008) are based on FM-OLS residuals. To our knowledge, there is no similar test
statistics based on the residuals from the CCR estimation method. For a recent review and
comparison of these three alternative estimation methods see, e.g., Kurozumi and Hayakawa
(2009), and the references therein. Phillips (1995) and Phillips and Chang (1995) have
considered the usefulness of the FM-OLS estimation method in a wide variety of situations
relating the stochastic trend component of the set of regressors. This method was originally
designed to estimate cointegrating relations directly by modifying standard OLS estimator with
semi-nonparametric corrections that take account of endogeneity and serial correlation, with the
main appeal that one can use the FM corrections to determine how important these effects are in
an empirical application.

As indicated in Phillips (1995), in cases where there are major differences with OLS,
the sources of such differences could be easily located and this could also helps to provide
additional information about important features of the data.
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Under the assumption that the long-run covariance matrix of &, :(ut,s,’(’t)', Q, is

known, the FM-OLS estimator of the cointegrating regression model (2.11) is given by

~ -1

a "7 "7 0

= oL X ) [ ot ]Y* —[ o ] (2.39)
B:n] [E[th] pt ] {rZ; X, )" nA,,

With A, =A,, —A,Y,, and the transformed observations of the dependent variable

ku

Y," are usually given by ¥," =Y, — AX] .y, , where v, =Q_'®,, and the first difference of the

regressors can be decomposed as Z, =AX, =A, At,, +§,. "It is evident that

Z,,=¢,, when p =0, but in any other case we obtain the following decomposition

T
it = DepaTp 1,Hrsk,t—(CIJk,,,1:0k)[ ’ l’t]—kakt @7, T&, (2.40)

k,p™ p,n¥p,tn
pit

Where the matrix of trend coefficients @, , , is given by a linear combination of the
elements in A, . The following result establish the relation between this unfeasible version of

the FM-OLS estimator and the OLS estimator of o, and B in (2.11).

Proposition 2.2. Given (2.1)-(2.25), and the FM-OLS estimator of (2.5) in (2.39), then
we have that

F;jr[d‘:,n + All(,pﬁl:r,n] — Fpi; [d‘p,n + A{(,pﬁk,n _(DI(/,ka]
\/rTBIjn \/ﬁﬁk,n

n n
-1 ! —1 / 1 1 a4
Mpp,n {th,mek,t - ka,ank,n an,mek,t }Yk - \ﬁMpp,nka,ank,nAku (241)
t=1 t=1

(a)

n n
-1 !/ !/ -1 !/ -1 +
Mkk,n {Z nk,tnek,t - ka,nQpp,n th,tnsk,t }Yk + \/HMkk,nAku
t=1 t=1

With FM-OLS residuals, such that

(b),.’):‘rp (k) = at,p (k) - 81/<t,p'Yk

B o (2.42)
+ (1/‘\/7) 1/z‘nll(t p)Mkkl,n [(1/\5)2(” 1/Z'r'lkl’,p )SI/(t,p.’Yk + A:u]
t=1
Where Mpp,n Qpp n ka ank nka n’ ka,n - Z::l Tp,tnnli,tn 4

Qkk,n = Zle nk,tnnll(,tn ’ and Mkk n = Z:7:1 (n71 nkt p)( 71/2111,(1“ P) ln (224)’ and Where
M, , =(1/nM,,, with &, , =¢&,, —(1/n)(1/NN)]_ & 7, ,1Q,0 T, in (242).

pp,n ptn

' 1t can be shown that the correction term for Y, is associated with the correction for the endogeneity bias
while A,, eliminates the non-centrality bias.
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Proof. See Appendix A.2.,Remark 2.1 The results in (2.41)-(2.42) clearly show the
additional bias arising in the estimation of the trend parameters, and also allows to check how
the FM-OLS estimates acts to correct for the OLS estimation results. The expression in (2.41)
can also be rewritten as

!/
n

(d;r,n - ap) + (Dk,,p’Yk _ W[ [(?‘p,n - (x’p]
Bl:r,n_Bk ’ Bkn_Bk
M;p n { ka ank n (1/'\/_ an tngk t }‘Yk pp, nka n kklnAJL (243)
—(1//n)
M;kl,n {(1/'\5)2 nk,tnel/gt - Q;k,nQ;;,nDpk,n }Yk + M;kl,nAI:ru
t=1

Where the scaled matrices appearing in the last term are given by l\_/I =(1/nM,, ,

]_)pk,n = (1/\/H)Dpk,n , with Dpk =27 T, tnsk,t ) ka n (1/’7)ka n» and Qkk n = (l/n)Qkk ne

All of these matrices have finite stochastic limits, determining the way as FM-OLS
estimation corrects for the second-order bias arising in the OLS estimation. An alternative
representation to these two is obtained when writing

—-@ y
V' =u,—g, v+, .0 N, yw! ¢ B kp k) (2.44)
k
So that (2.39) can be alternatively expressed as
!/ d+ !/ q)/ Y tn / B
n'W,| " |=n"W, B e k] (1/n)Z[ ,1,”2 ] Tyl M)
kn o (2.45)
{ n* V)Z[ 71/pzm ] _Sll(t’Yk)_nVWnl[ pil]}
' Al<u
So that
-1
et —o)+ @,y - -
w o BT iy )| T b
o Bk 0 (2.46)
—(1—v < T Jtn — v 1
gl 1f’zn“]< - [
Where n IS (U, —€) ) =B, (),
n I v Ty en (U s,iltyk):>fé T,(r)dB,  (r), and also

n eIy (n Y MU, —& Y, )= / B, (r)dB, () +(A,, —A,,) under the assumption of
cointegration (with v = 1/2), which determines the desired result of a limiting distribution free of
nuisance parameters other than the conditional long-run variance w?, trough the detrended

Brownian process B, ,(r) given in (2.25).
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(k)=32"14,,(K), the

tltp

Also, given the partial sum process of FM-OLS residuals,

[nr] P
result in (2.42) allows to obtain the following decomposition of the scaled partial sum process of
these residuals

[nr]

7(1 v)U[J;r] p(k) — nf(lfv)U[nr]lp (k) 71/2+v / —l/ZZSkt ,
(2.47)

[nr]
+ n*1/2+V (1/”)2 (n Uznll(t p)M;kl,n (l/ﬁ)z(nil/znkt,p )Slld,p"Yk + AZ}
=1 t=1

Where n '’ ZE’Q & p = Vi),
(/NP (0N )e , = S o By ()Y, (S)+ Ay, with V, (r) defined in (2.43). Then,

=n"Y?J" (k) under

taking all these results together with the weak limit of B[m]p (k)=n Inrlp

cointegration, we get
n 0l K=Y, () - f B, ,(s)'ds f B, ,(s)B, ,(s)d f B, (s)dV,, ,(s) (2.48)

With V.

" p(s) defined in (2.43), that allows for valid (no standard) inference given that
these residuals are exactly invariant to the deterministic trend components of the integrated
regressors and also to the nuisance parameters arising when using OLS estimates. Under no
cointegration, when v = —1/2, it is immediate verify that the limiting distribution of the FM-OLS
estimates and residuals coincide with that of OLS estimates and residuals, as in (2.32) and

(2.37).Remark 2.2. Using (2.40), with Z, , =AX,, =@ +€,,, then by OLS detrending

kp p,t

of AX,, we have 7 =¢g,,, with g, defined in Proposition 2.2(b) above. If we define

kt,p
now Y," as V" =Y, —Z,/d,pyk =Y, —&,, Y. as indicated by Hansen (1992) (page 93), then the

FM-OLS estimator of o, and B, is now given by

A ~ -1

a:n &y, o1 Qoon Qo . [T m] ’ 1[0,

Rl P e e, P lel oy WP 2.49
Ben [Bk,n] ) Qin Qe ; M) " v nA,, 24

Which gives exactly the same expressions as before for ﬁ:n , but not for the estimator of

the trend parameters in a as will be stated in the next result. The FM-OLS estimator in

(2.39), as well as all the results in (2.41) and (2.42), is not feasible since it is defined in terms of
the unknown quantities y, and A,, =A,, —A,Y,. The feasible version is obtained by

replacing these elements by nonparametric kernel estimates of the components of the long-run
covariance matrix € based on the OLS residuals in (2.8) and the stationary stochastic
component of the regressors, that must be consistent under the assumption of cointegration, and
requires a proper choice of the bandwidth to ensure the asymptotic correction for serial
correlation and endogeneity.
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Although in the work by Phillips and Hansen (1990) they consider the effects of
deterministically trending integrated regressors on the results of the estimation of the
cointegrating equation, making use of previous results by Phillips and Durlauf (1986) and Park
and Phillips (1988), the estimation of Q is based on the sample serial covariance matrices of the

sequence &, (k)= (Ot'p(k), Z,’q)', without further considerations about the consequences of any

remaining deterministic component in the series of first differences for the observations of the
regressors. Also, the papers by Xiao (1999) and Xiao and Phillips (2002) make use of this
sequence, both to implement feasible version of the FM-OLS estimation method and for the

. . .. . 2 2 1 ..
estimation of the conditional long-run variance w,, =w, —®, £}, ®, , . Next proposition

establish the more relevant results concerning the effects on the feasible FM-OLS estimates
when we explicitly take into account these circumstances.

Proposition 2.3. Given (2.1)-(2.5), then we have that

(a) When using the sequence &t,p(k):(at,p(k)’ZIi,t), for computation of the

nonparametric kernel estimator of the long-run variance Q, we have that
— / Y
Q,(m,)=9Q,(m,)+m,(C,+C, +F,)W,(m,)+0,(m,/n) (2.50)

Where w,(m,)=m,*>5,"  w(h/m,)— X, and ,(m,)—" Q, which is the kernel

n
estimator based on the set of sample serial covariance matrices of the sequence
Utlp(k):(lf/t'p(k),a,'('t)', that is, it is given by € (m h;n yw(h/m)Z (h), with

Z (h=@1/n)>,, 0, (Ko, , (k). Also, matrices C, and Fn are given by

0 0 0 0 ]
C,= “ |, and F, = « (2.51)
[Ok Ckk,n] [Ok Fkk,n

with C,,, =D

pk,n

(nflxzr L) kp, F,,=o,T, Q. T (I)’ Then, the FM-OLS

ko™ p,n~pp,n™ p,n

estimator is given by
A ! A
(a‘;,n - ap) + q)k,ka,n (mn)

T | B o
6,0 BB,

—1
_ n,lz": Tprtn ( ! 71/211/ ) nf(17v) [ tp,tn 2 7n71/2+v
- -1/2 ptn’ k,t -1/2 t

=\ My =\ My

Where 21‘ = ut 7?1/(,/7 (mn )sk,t ’ with ’?k,n (mn) = gf\}klln (mn )(’bku,n (mn) .

(2.52)
(m,)

7=

|

kun
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(b)When using the sequence %t,p(k):(at,p(k),z,’mp)' for computation of the

nonparametric  kernel estimator of the long-run variance Q, we have that

~

Q. (m)=Q (m,)+ Op(mn/n) —* Q, where the limiting distribution of the FM-OLS estimator

under cointegration is now given by

@: (V) _ Zin (V) _ nl (f'in —(X.p
k.n (v) Bk,n _Bk . (2.53)
Q;_):Dpk’Yk ! Tp(s) !/ / ! Tp(S)
P Efsrmone] 1o

With D, = é’cp (s)dB, (s) the weak limit of l_)pk,n =n?30 Tp,tnallgt .
Proof. See Appendix A.3.

Remark 2.3 The results in part (a) only applies for p > 1, with C, =F, =0, , ., when
p =0." Also, it is assumed that the limit A of W, (m,) as n—o is finite. For example, for the
Bartlett kernel, which is symmetric with weighting function W(h/mn):1*hm;l for |h| <

m,—1 and zero otherwise, we have that w, (m_ )=1. Also, given the matrices C, and F, in

71/2)

(2.51) it is evident that in this case we have Cui‘n(mn):wsln(mn)—kop(n , and

71/2)

@, ,(m)=w,, (m)+o,n under suitable choice of the bandwidth parameter,

particularly when it is imposed the usual condition m, =o,(n"'?).

The remaining term, the estimator of the long-run variance of the stochastic stationary
component of the integrated regressors, may contain a serious bias component as it admits the
following decomposition:

sl\)kk,n (mn) = s)kk,n (mn ) + M_/n (mn)[mn (Ckk,n + Cll(k,n ) + mank,n )] _'_ Op (mn/n) (254)

Also affecting the estimators of y, and Ay, and hence of A:u . When p = 1, we then have

_ o 0
€ _(l/ﬁ)[ok Bk,n(l)a’ll(o] (2:33)

' Similarly, in the case of a known long-run covariance matrix €2, the CCR estimator proposed by Park
(1992) is defined as the OLS estimator between the modified dependent variable

Y =Y~ AZT 01, K) and (z,,,X,), with X,, =X, ~AZ"E (K), &,k =(,,K,Z,),

pt?
and A, =27 Ele, & 1=27 Elg.(u._ &, ;)]. This method uses the same principle as the FM-OLS
method to eliminate the endogeneity bias, while it deals with the non-centrality parameter in a different
manner, but also relies on consistent estimates of the quantities A;, Z and y; which depend on some tuning
parameters. The feasible CCR estimator when Q is unknown makes use of a nonparametric kernel
estimator of all the quantities involved in these transformation factors that, when it is based on the sample
autocovariances of the sequence &t,p(k), might be biased or even inconsistently estimated when there is

some remaining deterministic component in the observations of the first differences of the regressors.



48

And

o 0
F = “, |=F (2.56)
[Ok q)kpq)klp}

Where m,(C,, , +Cy.,)=n’m,(B, (Do, +,.B,,(1))=0,(1), while that the

kk,n
last term in (2.34) is F, =@ @, =0, 01, so that Q, (m,)=Q, (m,)-+0(m,) which
can seriously distort the estimation results, specially in relation with the estimation of the factor

correcting the non-centrality bias term, A, 2°Although rare in practical applications, the case p

> 1 will determine that both biasing terms in (2.54) have a non-negligible effect on the
estimation results. A final comment on these results has to be with the expression in (2.52)
regarding the limit distribution of the estimator of the trend parameters, which that closely
resembles the result in (2.46) but with v, replaced by its estimator. Finally, it must also be
commented the change in the limiting distribution of the FM-OLS estimator of the trend
parameters in (2.53), which represents an asymptotic bias for the estimation of these parameters.

Given the transformed values of the dependent variable and the resulting estimates of
the model parameter, the FM-OLS residuals, given by 4, (k)=Y," —7, G, — X,'(,t[?):,n , can be
written as

~ g V(! A -1/2../ A
0. (k) =u, =V, 3, ,(m,)—n""(t, O, (vV)+n""n O/ (V)

p.tn

ra / vl A+ ~1/2,.1 A+ (2.57)
= zt - (vk,tYk,n (mn ) - ek,tYk) —n (‘cp,tn®p,n (V) + n nk,t®k,n (V))

Where v, =¢€,, when using the sequence &, (k)= (d, ,(k), Z,,) for performing the

~1/2

FM estimation, and v, , =Z,, , =g, ,=§,, +0,(n"") when the transformation factors are

based on the sequence é,t,p(k):(ﬁt‘p(k),Z’ )", with @A);n(v) and GA);,,(V) given either by

kt,p
(2.32) or (2.33) in each case. In both cases, under cointegration we then have
4., (k)=u, — v ¥, ,(m,)—0,(n *'?). With the results stated in part (b) of Proposition 2.3,
this FM-OLS residuals consistently estimate the sequence z, =u, — e,’('tyk , which could be used
to estimate the conditional long-run variance w2, =w’ —mu’ka;lmk,u . With the results
obtained in part (a), where &, (k) =2z, —& (Vi (m,)—v,)—0, (n~*'?), then only in the case

where the regressors does not contain any deterministic component, or when they contain no
more than a constant term, it could be assured the consistent estimation of € and hence of y;.

** With this results, we then have that when p = 1, €, ,(m,)=Q,,(m,)+mW,(m,)o,,ar, +0,(1), with

1
mn VT/n (mn ) + aLoQk;(],n (mn )a‘kO

inverse given by €. (m,) = (m,)- Q. (m, e 04 Qs (m,) +0,(1) 5o

that f)k'kl’n(mn) =Q,(m,)+0,(m,"), and the resulting estimator of y, is consistent.
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The standard practice consists on the use of an estimator of wi . based on the estimates
of w), Q,, and ®,, obtained from Qn Zi yw(h/m, )Z (h), with ﬁln(h) the

sample serial autocovariance matrix of order / based on either &, (k) or E_,t’p(k) , which make

use of the OLS residuals in (2.8). Under cointegration and consistent estimation of y;, then
g, ,(k)=z,+0,(n"*'?) which gives

aj(h):u/n)zn: k)T hp(k):(1/n)2": 22, 4+0,(n") =k} (h)+0,(n?) (2.58)

t=h+1 t=h+1

Given that we can write z, = (1,—Y} )&, then we have that

+(h)— (1/n) Z zz, ,=(1, _Yk {1/n Z E& h}[ ]:(11_’YI/<)Gn(h)[_:; ] (2.59)

t=h+1 t=h+1

And thus we have that

n—1 n—1

Oy enlm,)= Z w(h/m )&} (h)= Z w(h/m,)s, (h)+0,(m,n"*"?)
h=—(n—-1) . h:*(nflél- (260)
=L,y > W(h/mn)Gn(h)[_ ]+0,,(mnn” )
h=—(n—1) Y
With probability given by
By (my) = (1,72)9[_;]:&05* 2.61)

Under the usual requirements relative to the permitted kernel functions and bandwidth

1/2

order, m, =o,(n"""), that ensure consistent estimation for this class of nonparametric long-run

variance estimators.

Once established all these relevant results, one major application is to build pivotal test
statistics that consistently discriminate between cointegration and no cointegration in this setup.

Making use of any of the two possible consistent estimates of the conditional long-run variance

W > D (M) =07, — @y L0, 1, or Oyt (m,) as in (2.36), then the fluctuation-based

pivotal test statistics are given by

S, k) =(nc2, )220, (B, (K)) (2.62)

cs, (k)=max_, .. 1B (K] (2.63)
And

Rop(K)=max,_, 0,5, 8.,k —/nB, (K] (2.64)
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With I%n’p(k) :an'p(k) when the specification of the deterministic component in the
cointegrating equation contains at least a constant term, p > 0, so that 0: ,(k)=0, where
CS,, (k) and R (k) have been proposed by Xiao (1999) and Xiao and Phillips (2002), and Wu

and Xiao (2008), respectively, while that §n’p(k) is the test statistic proposed by Shin (1994),

but based on FM-OLS residuals. Making use of the result in (2.29), and similarly to equation
(2.18), then under cointegration we have that

R r 1 -1 1
B[:,],p(k):mk{Wu.k,,,(r)— [ WL isds [ W (W, (s)ds [ Wk,p(s)dvvwk,p(s)} (2.65)

So that these three test statistics has limit null distributions that are free of nuisance
parameters and are consistent against the alternative hypothesis of no cointegration. Their
limiting null distributions are the corresponding functional transformations of the fundamental
random limit giving between brackets in (2.65). According to several simulation experiments,
these test statistics seem to perform well in finite samples in terms of empirical size and power.
These authors also provide the relevant critical values for performing the tests. In all the cases,
the tests are right-sided thus rejecting the null hypothesis of cointegration for high values of
each of these test statistics. Asymptotic critical values can be founded in the respective papers
by these authors.

Both finite sample size and power of all these test statistics crucially depends on the
quality of the estimation of the long-run variance Q trough the choice of the bandwidth value
and also on the kernel function. Also, as has been proved above, there could be some situations
where some of the components of this matrix could be estimated with bias, which could have
serious effects on the resulting FM-OLS estimates of the model parameters and residuals, and
hence on the properties of the test statistics based on these results.

Finally, there exist the possibility to obtain a pivotal test statistic only based on simple
functionals of the OLS residuals, with limit distribution free of nuisance parameters, but which
serves to test the opposite hypothesis to the other test statistics discussed above, that is the null
of no cointegration against the alternative of cointegration. In this sense, it could serve as a
complement, both in the case of confirmation or conflict, to the testing procedures considered.
The proposed test statistic is a generalization of the variance ratio statistic, proposed by
Breitung (2002) and Breitung and Taylor (2003) to testing for a fixed unit root against
stationarity, in the cointegration framework®', and it is given by

(1/n)i[(1/n)z<n*“ﬁ,,,,(k))]

(1/m)> o "G, ()

VR, (k)= (2.66)

2! Breitung (2002) developed a generalized version of the variance ratio statistic to multivariate processes
to test hypothesis on the cointegration rank among a set of m > 1 series. In this sense, the test statistic in
(2.41) differs from the one proposed by this author and it is designed to distinguish between no
cointegration against cointegration with just one cointegration relationship.
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That can also be written as Vﬁn’p (k)= (1/n)f)nlp(k) , in terms of the ratio of the residual

variance of the partial sum of residuals to the residual variance of the residuals, with
P, (k)=(1/n) leﬁi p(k)/Zleaflp(k), where U, (k) are the OLS residuals from the

estimation of the cointegrating regression model (2.3), and Ut’p(k) = ;:1 l:\Ij‘p(k) V2

Next result establish the limiting distribution of the variance ratio test statistic (2.41)
under no cointegration and also its behavior under cointegration, determining that the testing
procedure is left-sided, rejecting the hypothesis of no cointegration for low values of the test
statistic. Appendix B.1 provides tables with the quantiles of the limiting distribution under no
cointegration when the cointegrating regression model does not contain any deterministic
component, and when there is a constant term or a constant and a linear trend component.

Proposition 2.4. Given (2.1)-(2.11), Assumption 2.1 and the OLS estimator of (2.5) in
(2.14), then under no cointegration we have that

fol j;erlk(s)ds 2dr

(a) VR, (k)= : (2.67)
j; R, (s)ds
With R, (r) defined in (2.21), while that under cointegration we have that
A w, [ 2
(b) p,,,,,(k)=>0—5 j; W, ,(r) dr (2.68)

With w,, ,(r) given in (2.36), so that the test is consistent, with diverging rate

VR, ,(k)=0,(n").

Proof. The result in (2.7) follows directly from the continuous mapping theorem making
use of the result in (2.37), which determines that the limiting distribution is invariant to the
serial correlation in the errors from the cointegrating equation and the endogeneity of the
regressors. On the other hand, under cointegration, taking the OLS residuals as in (2.21), we get

that (1/«/F)U[n,]‘p(k) weakly converges to ww, (r), as in (2.35), and
(1/n)>27, &2 (k)= (1/n) 37, uf +0,(n *?) = 62, so that the final result in (2.68) follows

t=1"t,p

again by application of the continuous mapping theorem.

The main advantage of the use of this last testing procedure is that while not requiring
the choice of any tuning parameter, it is very simple to compute and the limiting distribution
under no cointegration in (2.67) is free of nuisance parameters. Appendix B.1 presents some
numerical results relating the use and properties of this test statistic. Particularly, Table B.1.1
presents the relevant quantiles of the null distribution under no cointegration for k=1, ..., 5 and
a variety of choices of the deterministic component, particularly when there is no deterministic
component, and also in the more usual cases of a constant term (p = 0), and a constant term and
a linear trend component (p = 1).

2 This proposal follows the same idea as the extension of the KPSS statistic for testing stationarity
against a fixed unit root to the cointegration framework made by Shin (1994). Breitung (2002) proposed a
multivariate generalization of the variance ratio statistic and a semi-nonparametric test statistic for testing
for the number of cointegrating relations among the components of a m-dimensional vector, with m > 1.
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Also, Table B.1.2 presents the results of a simulation experiment to evaluate the finite-
sample power of the testing procedure based on the test statistic Vén’p(k) against near
cointegration using the local-to-unity approach by Phillips (1987). These numerical results are
based on samples sizes n = 100, 250, 500 and 750 and reflects the behavior of the limiting
distribution given in (2.42) where the component W, (r) of the random element R, (r) is

replaced by Wclp(r):Wc(r)—t;(r)Q;p1 étp(s)WE(s)ds, with W.(r) a standard Ornstein-

Uhlenbeck process. The results indicate an acceptable power, and increasing with the sample
size, that confirms the consistency property stated above.

2.2 IM-OLS estimation with trending regressors

In this section we consider the new estimator of a static cointegrating regression model like
(2.3) recently proposed by VW. For implementing this new esitmation method, these authors
show that a simple transformation of the variables in the cointegrating regression model allows
to obtain an asymptotically unbiased estimator of B; with a zero mean Gaussian mixture limiting
distribution, but their analysis is limited to the case where the assumed DGP is as in (2.1) with

A 0

OLS, the transformation has two steps but neither one requires the estimation of any of the

that is with integrated regressors without any deterministic component. Like FM-

kp — Vkp+1>

components of Q, and so the choice of bandwidth and kernel is completely avoided. Thus, the

first step consists in computing the (cumulate) partial sums of the variables in both sides of (2.3)
which gives the so-called integrated cointegrating regression model as

S, =a'S

™ot

+BSy: +U, t=1,.,n (2.69)
With

— t _ t o~ t t !
Ur=2200up, S =200, =00, 00 1T, 4+ 20 Mo, =S, + Ay,

P,
—1 —1
S, =27, =T, 207, =18, (2.70)
And
t t —1
Sk,t = j=1 Xk,j = Ak,pSp,t + ijl T]k,j = Ak,prp,nsp,tn + Hk,t (271)

Taking together (2.70) and (2.71) we then have

S nl_Hl 0 n_ls n—ls

PEl— p.n p+1k p.tn W ptn
S W 2.72
[ k,tJ nAk'pr;j" n\/ﬁlk’k][na/szlt] 0,n [n?’/sz,t] O,ngtn ( )

Where, for ¢t = [nr], we get
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f 0 T,(s)ds

2.73
J7B,(s)ds @7

n's g,(r)
_ p,lnrin _ P —
g[nr]n - [na/szl[m]J = g(f‘) — [gk (r)) =

As n—o. Then, application of the OLS estimation method to equation (2.69) gives the

so-called Integrated-OLS (I-OLS) estimator of a, and P,, which provides the following

p

transformation of the estimates

7(17v)Wl aﬂr” _ap . nvr;;[(&'p,n _u'p)+ Ali,p(ﬁk,n _ﬁk )]
" o Bkn_Bk B n1/2+v“§ —B.)
' Lo (2.74)
:[(1/n)2gmg:n] (1/n)zgmnf(1fv)ut
t=1 t=1
Where
n 1
—(1-v)

(1/n);gmn U, = fo g(r)J, (r)dr (2.75)

With g(r) given in (3.4), J,(r)=B,(r) under the assumption of cointegration, v = 1/2,
and J,(r)= f o B,(s)ds under no cointegration, that is when v = —1/2. Given that the limiting
result in (3.6) does not contain the additive term A,,, as appears in the limiting distribution of

the OLS estimator of the cointegrating vector under cointegration, partial summing before

estimating the model thus performs the same role for I-OLS that (0/ ,,nA.’)" plays for FM-

p+17

OLS, but this still leaves the problem that the correlation between u, and €, rules out the

possibility of conditioning on B, (r) to obtain a conditional asymptotic normality result.”

Irrespective of this result concerning the presence of a second-order bias, under cointegration
these new estimators of the model parameters are consistent with the same rate of convergence
as with the existent estimation methods previously discussed. Given that the practical utility of
these results is limited only to the case of exogenous regressores, an additional correction must
be performed to achieve the desired distributional results.

The solution to this problem proposed by these authors only requires that X, , be added
as additional regressors to the partial sum regression (2.69) as

S, =a'S

P~ ot

FBSe VX, +C t=1,.,n (2.76)

3 Using, as before, the structure of B,(r) from Assumption 2.1, we have that the stochastic integral in
(3.6) is decomposed as [ g(r)B, (r)dr =} g(r)B,, (r)dr + (I} g(r)B,(r)dr)y,. By defining G(r)=[" g(s)ds,
then using integration by parts we have that this term can also be expressed as

t &(r)B, (r)dr =G(1)B,(1) - ) 4 G(r)dB, (r)= ) o[G(1) = G(r)1dB,(r) Similarly we have
IB g(r)Bu_k(r)dr=fé[G(l)—G(r)]dBu_k(r) , which is mixed Gaussian. For the second term above we get a
similar representation with the same behaviour, but it still depends on the degree of endogeneity of the
regressors as measured by y, =Q.'@,, .
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Where (, =U, —v,X,,, and which can be now called the integrated modified (IM)

cointegrating regression. Following with the same structure of analysis as in previous section,
particularly in relation to the structure of the underlying deterministic component of the
integrated regressors, we next consider the properties of the OLS estimator of the model

parameters ((x:,,B,’(,y,'()’ in (2.76) depending on this characteristic.

2.2.1 The case of regressors without deterministic trends

By OLS estimation of (a:, ,B.,v:) in (3.7), we have that this estimator can be written as

a,, —o
p.n P n -1 5 n -1 n
Bk,n - Bk - Zgrng:n] thnqt = (W(J/,n )71 [(l/n)z gtngt{n] (1/n)zgtnqt
Yio Ve 7 - le “ (2.77)
n -1 n
=n"(W,,)" [(1/ ny gmgﬁn] (W/n)) g, (n ")
t=1 t=1
Where it has been used the following representation for the set of regressors
—1y,-1 -1

Sp’t nC,.(n"S,.,) n-s, .,
S |=|nVn(n " H, ) | =W, \n"H,  \=W, g, 2.78)
Xy \/ﬁ(”il/znk;) ”71/2nk,t

Given that in this case, and from (2.1), we impose the restricction A, /=0, ., , so that

X, ; =M> where the weighting matrix is given by W, =diag(nl,},nnl, ,~/nl, ).

Thus, we get
S, g,()) [Jom,(s)ds

W, |S.. |= 8. = gn=|g.(r) |=|/;B,(s)ds |=TIg(r) (2.79)
Xyt B, (r) B,(r)
With O =diag(l,.,, Q) 8(r)=(g.(r),&,(r), W/(r)), and

g.(r)= J o W/(s)ds, so that g(r) and g(r) are full-ranked processes, in the sense that
J c&(ng(r)dr >0 as. Rewriting (2.77) as:

~ ~®p,n (v) (Z’p,n -Q, nvr;; ((:l‘p,n - a‘p)
®n (V) = ®Bk,n (V) = n_(l_V)Wll,n Bk,n _Bk = n1/2+V (Bk,n _Bk)
(:)Wkl,, (v) Yin — Vi n g =) (2.80)

[(1/n)igmg:n] W/m)> g (n )
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Then, the limiting distribution of the IM-OLS estimates of the model parameters only
depends on the stochastic limit of the term n "¢, =n ", —n %>y, (n"**n, ,), both

under cointegration and no cointegration. From the results in Section 2, we have that under
cointegration, taking v = 1/2, then

G =0 = B, (N = YiB (1) = B, N + (0, Q" — VB, (1) =B,(r) (281)

Where the last equality comes from the assumption that v, =€, '@, , while that, under

no cointegration when taking v = —1/2, then we get n >/ =0, = f o B,(s)ds, that do not

depends on the integrated regressors. These results imply that this estimator provides a well
defined limiting distribution which, apart of some scale factors, will allow to develop valid

inferential procedures. Theorem 2 in VW considers this case when A, =0 which

k,p+1
corresponds to the case where the integrated regressors do not contain any deterministic trend
component, so that the trending parameters in the specification of the cointegrating regression
must be associated to the deterministic component of the dependent variable. Also, taking (2.76)
and (2.77), the sequence of IM-OLS residuals is given by

it,p (k) - Ct - S:J,tnl—‘;; (&’p,n - (x’p ) - Sll<,t (ﬁk,n - Bk ) - X//(,t (?k,n - Yk) B
= —n""(n'S, )T, k@&, , —a,)]—n"" (n>*H, ) [n"*" B, , —B)] (2.82)

pitn

= )T @, — 1= G —n'Tg,0, )
Which implies that the scaled #-th IM-OLS residual, given by
n7(17V)ét,p (k) = n7(17V)Ct - gtlnén (V) (283)
Will have a well defined stochastic limiting distribution, both under cointegration and
no cointegration. The following result provides all these limiting distributions under these two

possible situations, extending the results in Theorem 2 and Lemma 2 by VW concerning the IM-
OLS estimators and scaled IM-OLS residuals in (2.80) and (2.83).

Proposition 3.1. Given (2.1) under the assumption that A, =0, .., and under

Assumption 2.1, then under cointegration we have that:
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nl/zl";,i(dp,n—ap) ) S
@6,0/2=| nB,,~B) |- = [ gsn'd [ gnB,.(rdr
yk,n_Yk

= [‘agerar [ 1G0-Glid,, () .84

—o, )" [Cgngn'ar  [16W-Glraw,, )

(001,008,012 [ glslels)ds [ glslB, (sl

. S (2.85)
=wu.k[mk<r)—g(r)' [ asgsrds [ g(s)wu_k(s)ds]=wu.kRuk,p(r)
While that, under no cointegration, we have that
n’”zl";lln (@,,—a,) o
©0,-1/2=| B, ~B,  |[=©€'= [‘gliglVar [ gl (ndr
”71(?k,n _Yk) (2.86)
—o, @) [grgeyar [ G -Glw,rar
And
(@ >, 0= 1,002 [ elslatslds [ (s), (s)ds
(2.87)

=0, [f cw,(s)ds—g) [ ao)glsas [ 1[G(1)—G(r)]Wu(r)dr]

Where  G(r)= [} g(s)ds=T1[; g(s)ds, with TI=diag(l,.,,Qy*,Q%), and
g(r)= (g[,(r),gL (r), W/(r)), with J,(r)= ff, B,(s)ds =w, f(') W, (s)ds , and where we can write
0’ =(@,,0.,0") =w, [1)'6°, ad ©0'=(0,,0,,,0",)=uw,[01)'0", wih

o' = (0/,0/,,0",),j=0,1.

Proof. The proof of parts (a) and (b) is given, respectively, in Theorem 2 and Lemma 2
in VW. The proof of parts (c) and (d) follows the same steps and only requires make use of the

weak convergence of the sequence n~ >/ 2y 10 4, (1) = / o B,(s)ds under no cointegration.

An interesting by product of these distributional results under cointegration is that,

conditional on W, (r), it holds that 0° ~N(0,V,,), where the conditional asymptotic

covariance matrix V,, is given by
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VM:%AHTlLémgwwfjﬁém—évmém—évww
(2.88)

X j;lg(r)g(r)'dr . !

That differs from the conditional asymptotic covariance matrix of the FM-OLS
estimators of a, and B, in the case where there is no any deterministic component in the

structure of the observed integrated regressors.

Denoting by m(r)=(t,(r),B,(r)) =TT, m(r), with I, =diag(,,,,;*) and
m(r)=(t, (r), W,(r)')", then the conditional asymptotic covariance matrix of the FM-OLS

estimator of o, and B, is given by

V., =, (T,)" fo ()i (r) dr 711‘1;; (2.89)

There remains the question of how to compare these two covariance matrices,” but the
results from a simulation study in VW (2011) generally indicate that the RMSE of the IM-OLS
estimates tend to be larger than the RMSE of OLS and FM-OLS, except for highly endogenous
regressors where the IM-OLS estimators performs better than the FM-OLS, specially when a
large bandwidth is used.

These authors also suggest the use of the first difference of the IM-OLS residuals in
(2.82) to define a semiparametric kernel estimator of the conditional long-run variance w’,,
characterizing the limiting distribution of the IM-OLS parameter estimator and residuals under
cointegration. Thus, by denoting 2, ,(k) as Z, (k)= Ait,p(k) , then from (2.82) the sequence of
first differences of the IM-OLS residuals can be decomposed as
z,,(k)=A( —n""(n'AS] )In'T, (@, —a,)]
—n" (nis/zAHZ,t)[nl/Hv (ﬁk,n —B

=t (AN ), ) ) (250
2, @ 10T, a0 B, B
- n1/2—vsll(,t [n71/2+v (yk‘n —Y )]

Where z, =u, —’y,’(ek’t is the fully modified error term from the cointegrating equation

in levels. Then, the proposal consists in computing the estimator

n—1

Gim,)= > w(h/m,)z,(h) (2.91)

h=—(n—-1)

* In a recent revised version of the paper by VW, available at https://www.msu.edu/~tjv/IMpaper.pdf,
these authors establish the inequality V., <V,,, conditional on W,(s) for the a, and B, components,

by using a continuous time version of the Gauss-Markov Theorem applied in this limiting framework.
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For a given choice of kernel and bandwidth, with &, (h)=(1/n)>_7_, , Z, 2, ,(K)Z,_, ,(k)

the Ath-order sample serial covariance of these residuals. The following proposition
characterizes the asymptotic behavior of this estimator, both under cointegration and no
cointegration.

Proposition 3.2. Given the conditions under which the limiting distributions of the IM-

OLS parameter estimators and residuals are valid, and under standard assumptions on the
magnitude of the bandwidth parameter, then, under cointegration we have:

(a) &(m,)=w; (1+67°6°,) (2.92)

While that under no cointegration we have that &5,(m,) =0, (n”), with

(b) (1/n*)3s(m,) =007 (2.93)
With 92 «»J =0, 1, the scale-free random component of the limiting distribution of the

IM-OLS estimator of ¥, , both under cointegration (when j = 0) and under no cointegration
(when j=1).

Proof. See Appendix A.4

Remark 3.1. From the result in (2.92) we have that, under cointegration the kernel

estimator of the conditional long-run variance converges to a multiple of w’,, and the

u.k>
convergence is in distribution instead of the usual convergence in probability, so that this
estimator is not consistent in the usual sense but still proves useful to built test statistics that are
free of nuisance parameters. On the other hand, under no cointegration, the estimator diverges at
the rate n” and its limit distribution depends again on a quadratic form defined in terms of the
random vector determining the limit distribution of the IM-OLS estimator of Yy, under no

cointegration. The result in (2.92) was proved earlier by VM, but the one in (2.93) is new here.
In both cases, the limiting results are valid under a variety of permitted kernel functions and
only require to impose some upper limit on the magnitude of the bandwidth parameter, m, ,
which may be determined both as a deterministic or a stochastic function of the sample size. A
very general and sufficient condition can be stated as m, = Op (nl/zfﬁ) , with 0 < 8 < 1/2, which

e . 2 . .
also covers the deterministic case.” In any case, there remains to choose some practical rule for
the effective determination of the number of sample autocovariances to enter in the computation

of this estimator. A final comment must be made on the limiting behavior of the estimator

2

&, (m_) under the assumption of no cointegration.

» See, for example, Jansson (2002, 2005b) where the sample-dependent bandwidth parameter is
formulated as M, =d,b,, where G, and b, are both positive, with @, +a;’ =0,(1) and b, is nonrandom

n=n?>

with b,' +n™"’b, =0(1), so that G, =0,(I) and b, =o(n"*), which gives i, =o,(n"?).
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Particularly, it has been shown that the most commonly used nonparametric kernel
estimators, such as the one that makes use of the OLS residuals through the plug-in estimator

&% (M) =02 — @y, nQ(kn un OF, alternatively, the one based on the FM-OLS residuals
" ji ,(m,) defined in equation (2.61), are O,(n-m,) under no cointegration when n—0, so that

the divergence rate is dependent on the bandwidth expansion rate and it is lower than for the
estimator based on the first difference of the IM-OLS residuals. As will be considered in the
next section, this result has a very important impact on the behavior and properties of the test
statistics that will be introduced later.Alternatively, and following the idea developed by Kiefer
and Vogelsang (2005), and further analized by Sun, Phillips and Jin (2008), we could consider
the so called fixed-b estimation theory of a long-run variance based on a bandwidth that is
simply proportional to the sample size as m, = b-n, with b € (0,1]. The results in this case were
extended by VW to models with nonstationary regressors, but the asymptotics are relatively
more complex and no treated here. A particular case, that can be treated without any additional
development, is when b = 1 so that the bandwidth is set equal to the sample size, m, = n. The
main difference between this latter approach and the standard one, with an effective truncation
of the number of autocovariances used in the computation, is that this assumption allows to
obtain a limiting expression for the nonparametric long-run variance estimator that is a random
variable depending on the kernel w(-) and the value of b. Thus, this approach represents an
informative theory that allows to capture the impact of the bandwidth and kernel choices on the
sampling behavior of (2.91).When b = 1, and by Lemma 1 in Cai and Shintani (2006) for the
Bartlett kernel®®, w(x) = 1-|x], for |x| < 1, we can write (2.91) as follows

) =n' [znl {i(n‘“’it,,,(k))z

) ) ) (2.94)
(n_“_”’C,,,,,(k))X:(n_“_v’Ct,,,(k)}Hﬂ_‘l "¢, k) ]

Whose asymptotic distribution is proportional to >, under the cointegration

assumption by making use of the result (b) in Proposition 3.1. Thus, under cointegration and by
simple application of the continuous mapping theorem, we have

1 1
@2 (n)=> w2, [z fo Ry p(sVds—R,, (1) fo R ,(s)ds + R, (1) (2.95)

Also, from (2.94) and making use of the result (d) in Proposition 3.2 under no

cointegration, it is immediate to check that &} (n)= (n ), where the limiting distribution of

nfztbi(n) is proportional to the long-run variance of the error sequence in the cointegrating

regression, u)f, , as in equation (2.93), but with a different multiplicative random component.

%% This result is an extension of the basic one formulated by Kiefer and Vogelsang (2002) when the total
sum (over the full sample size) of the variables used in the computation of the sample autocovariances is
not zero, as in the case where OLS residuals from a regression with a constant term are used.
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2.3 The case of regressors with deterministic trends

This last section will be dedicated to the analysis of the performance of this new estimation
method for a linear cointegrating regression equation when the integrated regressors are
characterized by an underlying deterministic trend component, that is, when, from (2.1) and

2.5), we writt X,,=A, Tt +n(n*n,,), with Ton =S, =S, 1, Once

k,p™ p,n¥p,tn
analyzed the consequences of this specification on the structure of the IM-OLS estimator, we
propose a simple possible solution to the problems encountered. First of all, from (2.76) we
have that the set of regressors can be written as:

(nt
S, LS, ) 0,
Sk,t = nAk prpn(n_lsp tn)+n‘/_(n73/2Hk t) - 0k
X, nA, L5 ('S, ) +~n(n*"n,,) nA, T (n7'S, . 1)
nr ; 0p+1k 0p+1,k nilsp,tn
—=|nA, prpn nJnL,, 0., |n*"H,, (2.96)
nA, prp; 0, \/ﬁlk,k ”71/211“
—1
0p+1,p+1 0p+1,k Op+l,k n Sp,(tfl)n
n3
- Ok ,p+1 0k,k Ok,k /sz t—1
nA, prt 0, 0, 71/21% 1

Or more compactly, by using g, defined in (2.23), as

p,t
Sk,t = W21,ngm - sz,ng(t—l)n = WZl,n (gm W21 nW 2 ng(t—l)n) (2.97)
X, ¢
Where the last term in the expression between parenthesis is given by
-1
n Sp,(tfl)n 0p+1
WZE,InWZZ,ng(tfl)n = WZ;,anZZ,n 73/2Hk t—1 - 0 (298)

71/211“ 1 \/_Akp pn(nilsp(t 1)n )

Which diverge with the sample size, even in the simplest case of a constant term (p = 0).
Alternatively, if we redefine the IM regression model (3.7) in terms of the IM-OLS detrended

variables we have S, , =B,S,. , + v, X, +C, t=1..n

Where
S:'p St n 5 !
Sep |=|See |- Sk,j SPJ[ZSPJ ’”J (2.99)
X ). O a Xk,j



61

And similarly for (; - thengiven S, =a S, +h,, and S, , as in (3.3) we then have

0,p"p,t

that

. 1 .

S h h

:,p _| Mot _§ : 0,j S/ § :S — O*t'p 2.100
[S/WJ [H“] j=1 [ ] [ ” pj] > [Hkt,p] ( )

Which are free of trend parameters, while that for th » We get the decomposition

1

ktp T]kt an/ p/[zsp/ p/] p.t
-1
ZTPJ PJ[ZSPI p/] T]ktp—i_Ak/o p.t

(2.101)

With

N,y =N (n’l/znk't)—(1/n2)Z(n’1/2nk/)S; m[ (1/n? )ZSP i pm] (n'S,,)t (2.102)

And
n —1
AT =A T T, — (/) T, p,,,[(l/n )Zspm pm] ('S, (2.103)
j=1
That is A, p‘tpt A, pl"p n‘l:p m» SO that n Wthp —nfl/zn*kt,p —I—Ak,p(n71/21" )tp -
For p = 0, nfl/Ztho 71/2‘r'|kt0—Q—Akon%/2 Otn:nfl/znztlo—FO(n*l/z), so that the

deterministic component is asymptotically irrelevant, while for p > 1 we have that

n Zth = n71/znzt’ p T Oo(n” Y 2) , which implies that deterministic component dominates the
stochastic one yielding inconsistent results. Thus, to deal with this general case, making use of
the result for the OLS detrended observations of X, and Z,,=AX,,, Z

kt,p = 8kt,p , 1N

Proposition 2.1 and in Remark 2.2 respectively, then we get the following augmented version of
(2.27).

Yoo =BXe, ¥Vl ey — Vil =BiXiep +Viliop +2,,, t=1..,n (2.104)

Which gives the following corrected version of the IM cointegrating regression equation

t

& 1Q ! 2 1Q

St,p = BkSkt,p +Ykzzkj,p +Ct,p = BkSkt,p +Yk Kt,p +Ct 'y =1,.,n (2.105)
=1
With S, , =>7 X, , =>2 . Nn,,.and (,, =2, 7, = —y/T, »» Where

Skt p nﬁlk k Ok k nis/zskt p n73/zskt P

= 0 ’ »\/_ 12 =W, 12 ’ (2.106)
Tkt,p k,k nIkrk n Tkt,p n Tkt,p
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T, , , we have

For the partial sum of the OLS detrended observations Z kp>

[nr] [nr] [nr]

k[nr]p ZZktp Zskt Zak/ p,jn Qpp nztp tn
- ] (2.107)

—-1/2 -1/2
- _nk,o + \/H[n nk,[nr] Zsk] p,in pp n 1/n er tn

Which, asymptotically, converge to a k-dimensional Brownian bridge of order (p+1)

n R,V () =B, (r)— j; B, (s),(5)Q;. Orrp(s)ds (2.108)

So that the random limit for the scaled vectors in the last multiplicative term in (2.106)
we have

n—3/2S r
T Sunie | g ()| S0 Balolds (2.109)
n Tk[nr],p Vk’p (r)

Then, from (2.10), (2.12) and (3.22) it can be easily verified that under cointegration (|o|
<1 in Assumption 2.1), the scaled error term in the IM cointegrating regression (3.20) behaves
asymptotically as

nfl/zct,p _ nfl/zut’p _,Yk l/szt L=V (2.110)

When taking ¢ = [nr], where V,, (r)=B8,,(r)— f A 'c/ (s)dsQf1 : 0 T,(5)dB, (s) only
depends on B,,(r) and can also be written as V,, (r)=w, W, (r), with
W, ,(r)= uk(r)—f{, 't,’,(s)dsQ;/;L é'l:p(s)qu'k(s). Thus, we propose to obtain the IM-OLS

estimator of the coefficient vector (B,ﬁ,’y,'()' , based on the OLS detrended observations, which is

given by

gk

Yk,n t

kt,p

T

kt,p

P
n|S R
S, T ) Z[T“"’]St,,, (2.111)

t=1 kt,p

With IM-OLS residual sequence given by

C,(k=5,,—Sh, T, [sk] t=1, .0 2.112)

k,n
Next proposition establish the main result in this section related to the weak
convergence of IM-OLS estimators and residuals under the assumption of cointegration, that is
when the error term sequence U, in the original cointegrating regression equation (2.3) is

nonstationary with oo = 1 in Assumption 2.1.Proposition 3.3. Given (2.1) and (2.2), and under
Assumption 2.1, the IM-OLS estimation of the cointegrating regression model in (2.5) based on
the IM regression (3.20) with OLS detrended observations, then equation (2.111) determine
that:
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-1

k, kt P

1/2+v 73/2
(a)[ ) ffﬁ; Bk] [(1/ )Z[ ]( 0 )

(2.113)
(8,
X(l/n)ZH p] —( V)Ut,p}
Tkt,p
And
—(1-v)F (1) 73/2 / 71/2 ! 1/2“ Bkn‘Bk
(b)n Ctp(k)—n Ctp Sktp, Tktp) e (2.114)
' ' (Ykn_Yk)
Which, under cointegration, gives
nB,,—B)
(c)[ Yﬁ e ] e g evar [ o0, rdr
=0, [ (g, (g, (rd e [ g, e 2.115)
o I [ g [ 16,06, w0
And
(d)n”i,,,,(k);wu‘k{ W, (-8, [ &,(58,(5)d
(2.116)

<[ G, (1)- Gp(s)]qu_k,p(s)} — R,y (1)

With V,, (r)= (r) asin (2.12), where g,(r) is given in (3.22) can be written

ukp

as g,(r)=TI-g,(r), with Gp(r):fg g,(s)ds = IIG,(r), and T1=diag(Q}/?, Q7).

Proof. See Appendix A.5.

Remark 3.1. As can be seen in (c) and (d) above, for inferential purposes related to
hypothesis testing relating the model parameters B, and v, , these limiting results only depends

on w>, and ), as nuisance parameters, as in the case of the use of asymptotically fully
efficient estimation methods. Specially relevant, when using the IM-OLS residuals in (3.25), is

the question of possible consistent estimation of the conditional long-run variance w’, based on

the first differences of it,p (k), Ait'p (k).

With these results, and under the same assumptions on the bandwidth parameter and
kernel function as before, for the nonparametric kernel estimator Coi (m,) defined in (3.15) we
get a similar result to (3.16) under cointegration where the limiting random element 9:/,( is

taken from the last & terms in the limit distribution given in result (c) above.
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2.4 IM-OLS residual-based test for the null of cointegration

In this section we propose some new statistics based on the sequence of IM-OLS residuals, as
has been defined in section 3, for testing the null hypothesis of cointegration against the
alternative of no cointegration by looking for excessive fluctuations in the sample paths of this
residual sequence .

These new test statistics are partially inspired by the nonparametric variance-ratio
statistic proposed by Breitung (2002) for testing the unit root null hypothesis against stationarity
in a univariate time series, in the sense that our statistics are totally free of tuning parameters. In

our case, we look for a unit root-like behavior in the residual sequence Qt,p(k) which is
compatible with the stationarity of the error term z, , in the augmented cointegrating regression

among the OLS detrended variables.

In order to obtain a complete set of test statistics, including the case where there is no
deterministic component neither in the specification of the cointegrating regression nor in the
underlying structure of the observed integrated regressors (that is when o,=0, , and

A

«p = 0y 11 ), We also consider the case where the IM cointegrating regression is given by

S =BiSi + Vi Xee TG =1, m, 2.117)

Where the IM-OLS estimator of B, and vy, is now given by

-1

1/24vi@ n —-3/2
[n "B, Bk)]: (UMZ[: skt]( WS X )

n —|n 12X
Tin i . (2.118)
ng )
X(l/n)z 71/2th (1 )Ut

Where it is verified that (n73/ZS,/< N 71/2X£,t)’ =(n 73/2H,’< N 71/211,:lt)' =-g(r) as n—w
for ¢ = [nr], with g(r)=(g,(r)’,B,(r)’) that admits the same factorization as for the last two
terms in (3.21). Thus, under the assumption of cointegration, the limiting distribution of these
estimates is as in Proposition 3.1, with g(r) replaced by g(r)= (gk(r)/, Wk(r)/)’ .Once obtained
the corresponding sequence of IM-OLS residuals in the appropriate specification and estimation

of the IM cointegrating regression equation, that is it (k) from OLS estimation of (2.117) and
it’p (k) from estimation of (2.76)* .

7 In what follows we use this common notation to the IM-OLS residuals from estimating (3.7), (N;t,p(k) ,t

=1, ..., n, both in the case where A, =0 see equation (3.12), and also in the case of the OLS

which is based on OLS

k,p+1 >

estimation of the specification given by equation (3.20), when A, #0, .,

detrended observations of the model variables.
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We define the following main components of our fluctuation test statistics

£ ()= (/)3 (/R () 2.119)

F, (k) = max (1/3/n) |, (k)| (2.120)
And

F, (k)= max (1//m) |, (k) — (t/n)C,, (k)| 2.121)

When considering the case of no deterministic component, and similarly F, (p,k) j=1,

2, and 3, when using the IM-OLS residuals it,p(k) ,forp>0.

Given the simple structure of these fluctuation statistics, it is immediate to check that
(2.119) and (2.120) can also be written as

F,(k)=n""? {(1/ n)zn:(n’“’”’@ (K))* } (2.122)
F, ,(k)=n""22 max |n I, (K) | (2.123)

And similarly, for the statistic measuring the maximum centered fluctuation (2.121),

F, (k) =n""2/2 max | n "I (k) —(t/n)n I, (K) | (2.124)

With the value of v = £1/2 denoting the cases of cointegration and no cointegration,
respectively. From the results in Propositions 3.1 (b),(d), and 3.2, it is easy to check that both
these quantities as the nonparametric kernel estimation based on the first difference of IM-OLS
residuals with a bounded bandwidth parameter are of the same order of magnitude in any of the

two possible situations. Thus, under cointegration (v = 1/2), we get that F; (k) and &2 (m,) are
0O,(1), while that under no cointegration (v = —1/2), we have that F, (k) and &2(m,) are

2 .
0,(n"),and F, (k)=0,(n), for j=2, 3.

This observation means that, when considering the building of asymptotically pivotal
test statistics by combining the fluctuation measures in (2.119)-(2.121) and the estimator of the
long-run conditional variance CJf, (m,), we will not obtain the desired consistency result (that is,

divergence under the alternative). Despite this undesired result, we continue to define and to
explore the behavior of the following set of statistics to test the null hypothesis of cointegration:

Aol =3, (m)F, (0= LS (/A 0 (.12

= ~2
nwn mn t=1
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And /Ej,n(k) =@, (m, )F; ,(k), for j =2, 3, and similarly /-:jln(p,k) ,j=1,2,3 when using
the IM-OLS residuals from (2.82) and (2.105). Next, we present the limiting distributional
results of the fluctuation measures in (2.119)-(2.121) in the simplest case where there is no
deterministic component, both under cointegration and under no cointegration, where the
extension to the case of IM-OLS estimation with a trend function is trivial from the results in
Propositions 3.1 and 3.3. Proposition 4.1. Under the null hypothesis of cointegration, that is
when |o| < 1 in Assumption 2.1 with v = 1/2, then:

(@F, ()= 2, [ R, (s)ds

F,.(k)=w,, sup [R,,(r)] (2.126)
B2 o0 50D [R.,0) =R, (U1
Where
R, (r) =W, (r)—g&(r) fo 1g(s)g(s)’ds h j; 1[(;(1) —G(s)ldW, ,(s) (2.127)

With g(r)=(g,(r), Wk(r)')/, g.(r)= fg W,(s)ds , and similarly for F.lp,k),j=12,
3, with R, (r) replaced by R,, ,(r) in Proposition 3.1(b) or by R, ,(r) in Proposition 3.3(d),

and the proper choice of g(r) depending on the assumption made about the deterministic

component in the integrated regressors. Also, under the alternative hypothesis of no
cointegration, that is when o. = 1 in Assumption 2.1 withv = —1/2, then:

bIn*F,, K= [ ') (s)2ds

n'F, (k)= sup | J,(r)] (2.128)
n'F, (k)= :S:Eéj | J(r)—rJ, (1)
Where
Jr)=1,(r)—g(r)’ j; 8(s)a(s) ds h j; 8(s)J,(s)ds (2.129)

With J,(r)= [’ B,(s)ds , and similarly for n*F, (p,k), and n"*F, ,(p,k), j = 2, 3, with
Ji(r) replaced by J, ,(r) defined as

o) =1, ()~ &0 [ Eia(sVds [ Elsl, (slas (2.130)

Where J, (r)= /7B, ,(s)ds.

Proof. See Appendix A.6.
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Next, by combining these last results with the one relating the limiting behavior of the
nonparametric kernel estimator of the conditional long-run variance in Proposition 3.2 based on
the first difference of the IM-OLS residuals with a bounded bandwidth, we get the following
result characterizing the limiting distribution of the fluctuation test statistics introduced above.

Corolary 4.2. Under the null hypothesis of cointegration, that is when |a| < 1 in
Assumption 2.1 with v = 1/2, then:

~ 1
Falk)=(1+6,56),)" fo R, (s)ds (2.131)
Falk)=>(1+6,58), )" sup [R, ()] (2.132)
re{o,
And
r 000 \—1/2
F:‘l,n (k) :> (1 + ev,ke\(,k) st‘)pl] | Ru4k(r) - r.Ru.k (1) | (2 1 33)

While that :Ejm (k)= Op(l) ,j =1, 2, 3 under no cointegration, with

F (k)= w,(6].8,,)" fo Ji(sVds (2.134)

F, (k)= w, (0,8} ) /*sup, 40 1 ()] (2.135)

And ,Ea’n(k):>w;1(9"lilk9;k)71/2Supre[olll|Jk(r)—er(1)|, where the limiting random
elements R, (r) and J,(r) can be conveniently replaced by the one determining the limiting
distribution of the IM-OLS residuals when including the adjustment for deterministic

components in Propositions 3.1 and 3.3. The same applies to the structure of 93’,( and 9;,(

characterizing the limiting distribution of the IM-OLS estimator of ¥, .

Proof. It follows directly by combining the results in Proposition 3.2 and 4.1 and the
application of the continuous mapping theorem.

Remark 4.1. These results clearly show that the random limits, both under the null of
cointegration and under the alternative hypothesis of no cointegration, are free of nuisance
parameters, and only depends on the number of integrated regressors and the structure of the
deterministic component in the cointegrating regression and the assumption made on such
components characterizing the generating process of the observed regressors. In the three cases,
the tests are right-sided, rejecting the null of cointegration for high values of the corresponding
test statistic. Also, from these results we may immediately conclude that the testing procedures
for the null of cointegration based on these test statistics are inconsistent in the usual sense that
the behavior under the alternative of no cointegration does not depend on the sample size, and
hence there seems that they cannot correctly discriminate between these two situations.
However, given that the random limits are very different in each case, we may expect to obtain
certain useful results in terms of power. This last issue will be examined numerically.
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Appendix B.2 (Tables B.2.1 and B.2.2) presents relevant quantiles of the null
distribution of these three testing procedures, ¢, ,(k), for each specification of the deterministic

component in the cointegrating regression as well as for each assumption on the underlying
deterministic component characterizing the observations of the k integrated regressors in the
model, for k =1, ..., 5. These quantiles are computed numerically with 20000 replications and

2000 observations, in the simplest case where & =(u,,&,,) ~iidN(0,I, ,) and a = 0. For
computation of the estimator of the conditional long-run variance (I)f, (m,) in this simple setup,

we consider the case m, = 0, so that @>(m_)=K_(0). As can be seen in equation (2.90) and in

the proof of Proposition 3.2, under cointegration the first difference of the IM-OLS residuals are
given by
'z-'t,p (k) — Zt _ n1/27v8,1(1t [n*1/2+v (;Yk,n _ Yk )] _|_ Op (nfl/Z)

So that the short-run sample variance can be decomposed as

&, (0) = (/M) 22+ (e — 1 (/) 6l Frn — )~ 20Frn — 1) (/) e,
t=1 ) t=1 ) t=1 (2.136)
+20, (n”z)(l/ﬁ){(l/ﬁ)za ~ (¥ —yk)’(l/ﬁ)Zek,t} +0,(n™)

This means that the limiting null distribution of K,(0) is given by

K,(0)=k(0)= Gi - (‘ollmglk;l(zo-ku - zkkgzkj(lmku)
+[o, — 0, Q, 0, +(w, — )00, "2, 0,16, (2.137)
- zwu.ke\llggk;l/z (cku - Zkat:kl“)ku)

Under serially uncorrelated error terms u, and g, so that w, =0, and Q, =X,
and the additional assumption that these error terms are only contemporaneously correlated, that

is @, =0, then the above weak limit of K,(0), K(0), will reduce to K(0)=a; ,(1+6/67,),

with o, , =0, — 0, X, 0,, the conditional short-run variance of U, given g, . Also, Tables
B.2.3 and B.2.4 present the results of the power behavior in finite samples, when o = 1, of the
testing procedure based on the test statistics I-:Ln (k) and ,El,n(p,k) defined in (4.6) in each case

considered before with a deterministic sample-dependent bandwidth given by m, = [d(n/100)"*],
for d = 1, 4, and 12. Alternatively, and for comparison purposes, we also compute the power

performance of this fluctuation-based statistic when using the OLS-based estimator of the

2
u.k,n

conditional long-run variance, @}, ,(m,) =&, —@,, . ®, . denoted as F, , (p,k) .**

% The quantiles of the asymptotic null distribution of the testing procedure based on the test statistic
lf'l'n(p,k) =Q7 (m )R, (p,k) are different from those shown in Tables B.2.1 and B.2.2, are not presented

u.k,n

here, but can be requested from the author.
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These results are presented in Tables B.2.5 and B.2.6, and show the usual pattern of
increasing power with the sample size that comes from the different rate of divergence of the
numerator and denominator under no cointegration. However, for the test based on the statistic

ﬁi,n (p,k), the power performance is quite different, displaying an increasing power with the

sample size for low dimensional models (k = 1, 2), decreasing for high dimensional models (k >
3), but converging to a relatively acceptable common level that depends on the specification of
the deterministic component (see Figures 2.1, 2.2).

2.5 Conclusions and some extensions

The present paper is devoted to the analysis of the asymptotically efficient estimation of a linear
static cointegrating regression model by making use of a new recently proposed estimation
method by Vogelsang and Wagner (2011), the so-called integrated modified OLS estimator
(IM-OLS) that has the main advantage that does not require the choice of any tuning parameter,
when we deal with deterministically trending integrated regressors. We show that this method
must be modified to correctly accommodate the structure of the deterministic component of the
regressors and to avoid possible inconsistencies in the estimation results. As a by product of
these results, we propose the use of the IM-OLS residuals to build some new simple statistics to
testing the null hypothesis of cointegration against the alternative of no cointegration.

While the main component of these new test statistics seems to work well in detecting
excessive fluctuations in the residual sequence under no cointegration, it is not yet clear how to
obtain pivotal test statistics free of nuisance parameters and consistent tests given the difficulties
in obtaining a proper estimator of a long-run variance. This central question will be studied in
future work, as well as the consideration of more complex deterministic components and their
treatment in the context of the IM-OLS estimation.
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2.7 Appendix A. Mathematical proofs

A.1 Proof of Proposition 2.1. By OLS detrending of the observed processes ¥, and X,,, as
defined by (2.1) and (2.2), we have that

o | (Y)Y ) o
L= — t,Q, 1, t=1,..,n (2.137)
Each of the components above can be decomposed as
Ny + 00, (T, =0T, T QunT,,)  i=0,1,.k (2.138)

_ n / -1
Where Nit,p = Nip — Zejm1 ni,ij,an,pptp,t , and
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_Ztn/ n/anp pt — ZTP, P Yoy )Qn,pp
=1
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[ T J
TP*pwt

Q",Pipf Q"rPf(P*Pf)

!
Q"/Pf (p—p;) Q":(F*Pi p—p;

]: 0p,+1

Given the block structure for the inverse of Q

:Tp’,t _(Qn,p,p, :Qn,pl(ppl))[ (2139)

-1
[ Tp“t ]
) Tpfpf:t

T

— _ . p;.t
- Tp,,t (Ip,+1,p, +1 'Op, +1,pfp,) T
p—p; .t

npps When p;<pforali=0,1, ..,k

Obviously, the same result directly holds when p; = p, while that if any p; > p, then we have

!
i,p; (T

o/
i,pi—p

o pt  2ej=1 Ty, p/anp pt)_ (Tp —pt

in(pﬁp)an 20T )» Which does not vanish
and it is of order O(n”).

A.2 Proof of Proposition 2.2. First, given that we can write

n -1 - 1 -1
Tp,t‘n / / _ Qpp,n kaln _ Mpp n Mpp nka ank,n 2.140
Z (Tp,tn’nk,tn) - Ql Q - M— -1 M 1 ( : )
t=1 k,tn pk,n kk,n — kk,nka,nQpp,n kk,n
Then using (2.23) we have that
Mppln _M;panpk nQ;kl,n Zn:[Tp,tn ]AX/
_M;k,nka nQ;pln Mkkln t=1 nk,f" ot
B [ M -M;! Q,.. an;n] [Qpp Tilo) p]+ i[cplm ]e, (2.141)
_M;k,nka,nQ;pl,n Mkkln ka nrp n¢/ t=1 nk.t” ot
l—w—lq)l M;pl,n [Z ptn ka ank nznk tnakt:%
— [ p,n k,p] + t=1
0
ok M;kl,n {Z nk,tnallat - Q;k,nQ;pl,n er,tnallgt }
t=1 t=1
And
1 -1 —1 A+
Mpp n Mpp nka ank " W- [0p+1 ] \/ﬁ _Mpp,nka,ank,nAku (2 142)
_M;k,nka,nQ;:,n Mkkl,n ! AkJru M;kl,nAI:l

With W given in (2.5). Taking these results together we get (2.24). Second, given the
sequence of FM-OLS residuals, defined by u Lk)=Y"—(v pt,X,’(t)((xpn,

r @

ptn™ p,n

/ .
n) , with

Y, =Y, (1 » + €)Y, can be written as
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0t+.p (k) = at,p(k) - 81,( Yk

—l_‘tp tnMppn [{th tnakt ka ank nznk tnakt}’Yk prk ank nAI:ru] (2143)

/ -1 / l -1 / +
+ le,kak,n HZ Nenre — ka,nQppm th,tnek,t }Yk + ﬁAku]
t=1 t=1

Or, in more compact form, as in (2.25) by using the equality

n n n n
—1 / -1 / -1 / -1 /
Mpp,n {th,mak,t - ka,ank,n Enk,tnak,t } = Qpp,n {zrp,tnek,t - ka,ank,n Enk,tnakt,p } (2 144)
t=1 t=1 t=1

And

n ! n ! / —1 n I y__\n 71/2
El‘:l nk,tngkt,p - Z1*:1 nk,tn (Sk,t - Tp,thpp,n Et‘:l Tp,jnak,j) - Zt 1( nkt p)gkt p* (2145)

|
A3 Proof of Proposition 2.3. For proof of part (a), we have that the sequence

&, (k)=(a, ,(k )Z,’(t) can be expressed as & (k)=v,, (k)+@,,(k), with
Ut,p(k):(ut,p(k),skrt) , and @, (k)=(0, v T CI)/) where ®_=0

p,itn~ p,n kp
®,=(D,,,:0,) when p > 1. The sample autocovariance covariance matrix of order || > 0,

)y SN =a/n)>20 L &, p(k)ﬁt np(K), is decomposed as

, when p = 0, and

k,p+

2, (=X, (h+(1/n) Z 0., (K)o, (K)+(1/n) Z o, (K)o, ,, (k) +0, ,(K)v,_, (k)] (2.146)

t=h+1 t=h+1

Where X, (h)=(1/n)>27_,., v, (K)o, (k) = E[£,&;_,] under cointegration. For h =

0 we have that

] 0 0,
C, :(1/”)20, (k)(P,, (k)= 12 —1/ /
£ t,p t.p Ok 1/2 1 zzakt . r d) .
0 0, B [ 0 0 ]
~|0, D, (0T @, | (0, Cp,
By the orthogonality condition > Tl (K)=0,.,, with
_ n 0 0/ 0 0/
D, =n"3] v.»andF =(1 kg, (k ¢
pen =11 Zt:l T A ( /n)t;;ptlp( )(ptlp( = 0 (karp nQpp nrpn 0 Fkk,n

So that we can write 3 (0)=2,(0)+C, +C., +F, . For |1 > 1, we have that o, ,(k)
can be written as @, ,(k)=@, , (k) + (h/n)d, o(k), where the last term is given by
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0
dt,p (k) [d)kprptA pm] (2148)

With Ayt,,, =(0, T ) +0(h/n), and C,,=diag(1,2,...,p). With this we

p— lm p.p

have

(1/n) Z v, , (k) hp(k)—a/n)Zot,,(k)wt,,(k)

t=h+1

t=h+1

{ thp(k)q%,,(k)ﬂh/n)n Zot,,(k)d ()} (2.149)

= (1/n)z v, ,(K)e! (k) +0,(h/n)

(1/n)2<pf,,(k ,h,,(k)—(l/n)Dpt,,(k)ur,, (k)

t=h+1
—{nl Z @, , (K)o ,(k)—(h/n)n* zn: dt’p(k)uih,p(k)} (2.150)
—(1/n)> ., (K0!, (K)+ O, (h/n)
And
(1/n) Z ¢, K., ,(K)=(1/n) Zcpt,,(k)cpr »(K)
—{nlz(pt,p(k)(p:,p(k)—l—(h/n)nl Z (pt,p(k)df,p(k)} (2.151)

=(1/n)> 9., k. (k) +0,(h/n)
t=1
So that fln (h)==,(h)+C, +C. +F, +0, (h/n). Then, the kernel estimator of the
long-run covariance matrix, Q(mn) =3 ywlh/m, )ZA:” (h), is decomposed as

n—1

> w(h/m,)0,(h/m,) (2.152)

h=—(n—1)

Where Q,(m,)=327", ,,w(h/m,)Z (h), and the last term is O,(m,/n).

Q,(m,)=Q,(m,) +m,w,(m,)(C, +C,

For proof of part (b), we have that under cointegration ?;t p (k)=E, —I—Op(nﬂ/ ?), which

s (0 W) = ZE B H0,0 ), where & =l 60
This means that, under standard and suitable assumptions on the bandwidth choice, we get
f)n(mn) —" Q. Also, taking Zkt’p =€, as has been defined in Proposition 2.2(b), then we

have that the transformed observations of the dependent variable can be decomposed as
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2 ~ ~ _ a
YtJr = Yt - ZZt,ka,n (mn) = ut - 8i,t’Yk,n (mn) + (T;,tn 'n 1/2nll(,t )Wn/ [Bp]
k

L (2.153)
+(TI nfl/Z,rl/ ) Qpp,nDpk,nYk,n(mn)
p,tn? k,t Ok
Which gives
nvwl &A';," _aP :n*1/2+v [Qp:,nﬁpk,n‘?k,n(mn)]
! Bk+,n _Bk Ok
—1
n T, B
+ (1/n)Z[nl,”;11 ](r,’,,,n,n o) (2.154)
t=1 k,t
amys| B o el g m-|
£ nfl/znk’t t k,tYk,n n A:U’n mn)

Then, under cointegration and making use of the consistent estimation of y, and A,

ku >
we get the result stated in (2.33).
|
A.4 Proof of Proposition 3.2.

Making use of the results in Proposition 3.1 and the structure of the first differences of
the IM-OLS residuals in equation (3.25) we have that, under cointegration, we can write

z, (k)=(1,—(y,, —yk)’)[:f ]+op(n”2), t=1,..,n (2.155)
k,t

With this, the Ath-order sample serial covariance &, (h)=(1/n)>__, ., Z, (k)Z,_, ,(k) is

t=h+1\"k;t

given by &, (A1=(L—F,, —1.))1/n Y Lff ](zwez,th>[_m 1_yk)J+(1—h/n)o,,(n*“>

which determines that the kernel estimator of the long-run variance Cui (m,) can be written as

n—1 1
Ghm,) =0, ~F,, — 7)) >, wih/m, K (h)[_(~ 3 ]+0p(mnn1/2) (2.156)
h=—(n—1) Yk,n Yk)
With
K, (h)=(1/n))" [azt }(zth,el,th) (2.157)

So that it can be verified that

Q/(m)=Y" wih/m)K;(h)—" ["3 g‘;k ] (2.158)
h=—(n—1) k k

Finally, taking into account that ¥, —7Y, :>®:,k:%,k9k7<l/ Zeglk under the

cointegration assumption, then it is immediate to obtain the result in (2.92) as
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2 / 1
@2 (m,)=(1,— °k)[ ()Uk ;;k ][90 k] = w54k(1+92f’k93,k) (2.159)
k o

On the other hand, given that under the assumption of no cointegration the sequence of
first differences of the IM-OLS residuals is now given by

Zp (k) =z, —ng; [In"*(¥,,, —7,)]

2.160
A [0 T, @,, ) B, B 2160

With z, = Op(\/ﬁ ), then we have that Z,  (k)=0O,(n) and hence

(1/n)z, ,(K)=—g, [n"(F,,, 1)1 +0,(n ") (2.161)
With this we have that

(1/n*)R,(h)= (l/n)tzh;l(n’ z, (K)n"Z,_, (k) 2.162)

="' ¥, — 1) 1G AN (¥, ,, =¥ )]+ (1—h/n)O,(n"*?)

With

G, (N=[1/n)>" & &, (2.163)

t=h+1

Thus, the scaled kernel estimator of the long-run variance is now given by

(1/n* )5 (m,) =" (F,, —7.)] 2 w(h/m,)G,,(hn"*(¥,, —v)1+0,(m,n~""?)

h=—(n—1)
- [n (Yk n _Yk ]gzkk n [n (Yk n Yk )] + Op (mnnil/z) (2164)
=010,0,
by making use of the convergence result n (¥, , —v,) =0 , =w,Q \ ’0’,,, and the

consistency result Qkkn(m ) =20 oy Wh/m,)G,,(h) = Q , which gives
(1/n*)i(m,) =0 Q0!  =w.0,0’

uwk

|
A.5 Proof of Proposition 3.3. For the proof of parts (a) and (c), then partial summing

from (2.27) gives
§fp :B;Sw +U,,,t=1..,n (2.165)

So that
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-1

~ n n73/2§ ) . .
b sl

o ke (2.166)
—3/2Q
1 (n°S
x(1/n) I el
tzlj[nl/szt,p “
And thus
—(1-v)yr/ Bk,n_Bk _ n1/2+v(Bk,n_Bk)
n Wn ~r - —1/24vg
Yin n Yin
(2.167)

o % nig/zékt,p —3/2Q7 —1/2gn/
=@/n)> g (n*%S} ,,n " T, )

t=1 kt,p

- —3/2Q
nIn°S Ca
{(1/,7)2(”1/2 Akt,p]n (1 )Ut,p’
t=1

Tkt,ﬁ

Making use of the convergence results in (2.23), (2.24) and (2.107), then under the
cointegration assumption, that is when v = 1/2, we have that

[n(Bk;n —BJ)

: ar [Ce 0,
s ]: [ g ng,(r'ar [ g,V ,(rar

. (2.168)
= fogp(r)gp(r)’dr j;gp(r)\/u,k‘p(r)dr—kj; g,(NV,,(rdry,

Where the last two terms are based on the decomposition in (2.26). For the last term
above, as in VW (equation (25), we can write

1 1 0 1
j; g (NV,,(r dry, = j; gp(r){gp(r)’[lk'k”drykz j; gp(r)g,,(r)’dr[gk] (2.169)
So that
["‘?k'” ‘Bk’];»n—l [(gg e ['g0n,, 2.170)
Yin Y 0 0 ’

Or, equivalently,

n(ﬁ n _B ) - 1_ _ ’ 1o

[ ﬁ: _Ykk ]él‘[ 1 J; g,(r)g,(r)ydr j; [G,(1)—G,(nNdV,,,(r) (2.171)
Where the last equality comes from defining G ,(r) = f 08, (s)ds =TI f T g (s)ds, with

II= diag(le/kz,Qf,ff) ,and g, (r)=II-g,(r). Also, by defining V, ,(r)= wi_k.v\/u.k’p(r) . with

W, . ,(r)=BM(b,(r)), then we have

[n(ﬁk,n ~B,)

\ ]:>u)u_kH_1 [ ‘BB, (dr [ G, (1)— G, (AW, ,(r) 2.172)
Yin Y« 0 0 '
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As in equation (24) in VW, conditional on B,(r), the above limiting distribution

(2.172) is N(0y, ©,), with ®,, a well defined conditional asymptotic stochastic covariance
matrix. Under no cointegration, that is, with v = —1/2 and nonstationarity of the error sequence
u, , then we have

ﬁkn_Bk ! ! e
R s ,(rg,(r)d (), ,(r)d (2.173)
[ Ykln ] j; g \r)g \r)ar j; g.\r ryar

n

Where J, ,(r)= f 0B, ,(s)ds. As can be seen from (2.172) and (2.173), the convergence

rates for the IM-OLS estimator of [, are the same as when using OLS or any of the

asymptotically equivalent and efficient estimation methods.

For the proof of parts (b) and (d), then given the sequence of IM-OLS residuals in
(2.112), the IM cointegrating regression equation in (2.105) and (2.167), we can write it‘p (k) as

nl/zw(Bk,n - Bk)
n—1/2+v (?k,n 7’Yk)

Under the cointegration assumption, making use of (3.22), (3.23) and the weak convergence of

x —v,—3/2Q7 —1/2/
gt,p(k) = Ct,p - nl V(n 3/Zskt,p'n 1/zrrkt,p)

] t=1,.,n (2.174)

the IM-OLS estimators of B, and y;, the result (d) then follows by the continuous mapping
theorem.A.6 Proof of Proposition 4.1. Part (a) follows directly from the results (a), (b) in
Proposition 3.1 and the continuous mapping theorem for the functionals considered. For the
proof of part (b), we use the result (c) in Proposition 3.1 with v = —1/2, which gives

n 2, (k)=n">"C  —(n*8} ,n T} ) P kn P (2.175)
n Yk,n
Where
n %, =n?"U,, —yin (nT, )=n""U,, +0,(n") (2.176)
So that, using (A.6) above and the continuous mapping theorem we have that
~ 1 -1 4
020 =0, 0 =1, (0 —) [ g(s)gls)ds [ gls), (s)ds 2.177)

With J, (r)= f o B, ,(s)ds as in (2.9), which gives the desired results in the case of IM-

OLS estimation of the cointegrating regression with a general polynomial trend function of
order p and no deterministic component in the observations of the integrated regressors, whereas
the results for the case of no deterministic component in the cointegrating regression then follow

trivially by making use of the IM-OLS residuals ,(k) and g(r)=(g,(r)’,W,(r)")" in Proposition
3.1. The extension to the case of the IM-OLS residuals from estimating the cointegrating

regression with OLS detrended observations of the model variables also follows trivially
employing the results in Proposition 3.3.

2.8 Appendix B. Critical values and other numerical results
B.1 Quantiles of the limit distribution of the variance ratio test statistic for testing the null of no
cointegration and empirical power performance



Table 2.1 Quantiles of the null distribution of the OLS-based variance ratio test statistic by
Breitung (2002), VR, (p,k), for testing the null of no cointegration against the alternative of

cointegration (left-sided test)

No deterministic component

Quantiles, co(k) k=1 2 3 4 5
0.01 0.0054 0.0035 0.0025 0.0019 0.0016
0.025 0.0073 0.0047 0.0033 0.0025 0.0020
0.05 0.0098 0.0061 0.0043 0.0032 0.0025
0.1 0.0143 0.0088 0.0060 0.0044 0.0033
0.25 0.0280 0.0163 0.0108 0.0077 0.0057
0.50 0.0670 0.0374 0.0233 0.0160 0.0115
0.75 0.1406 0.0844 0.0533 0.0355 0.0250
0.90 0.2168 0.1486 0.0998 0.0680 0.0483
0.95 0.2558 0.1907 0.1357 0.0953 0.0686
0.975 0.2838 0.2248 0.1672 0.1228 0.0904
0.99 0.3086 0.2633 0.2077 0.1549 0.1198
Constant term (p = 0)
Quantiles, c,(k) k=1 2 3 4 5
0.01 0.0033 0.0023 0.0018 0.0014 0.0011
0.025 0.0043 0.0029 0.0022 0.0017 0.0014
0.05 0.0057 0.0037 0.0027 0.0021 0.0017
0.1 0.0076 0.0049 0.0035 0.0026 0.0021
0.25 0.0127 0.0078 0.0054 0.0040 0.0030
0.50 0.0231 0.0138 0.0090 0.0064 0.0048
0.75 0.0448 0.0246 0.0157 0.0108 0.0078
0.90 0.0675 0.0427 0.0262 0.0175 0.0124
0.95 0.0782 0.0559 0.0362 0.0237 0.0165
0.975 0.0848 0.0665 0.0465 0.0311 0.0213
0.99 0.0900 0.0779 0.0583 0.0413 0.0288
Constant term and linear trend (p = 1)
Quantiles, c,(k) k=1 2 3 4 5
0.01 0.0017 0.0013 0.0011 0.0009 0.0008
0.025 0.0021 0.0017 0.0013 0.0011 0.0009
0.05 0.0026 0.0020 0.0016 0.0013 0.0011
0.1 0.0033 0.0025 0.0020 0.0016 0.0013
0.25 0.0049 0.0037 0.0029 0.0023 0.0019
0.50 0.0075 0.0056 0.0044 0.0035 0.0028
0.75 0.0112 0.0086 0.0067 0.0053 0.0042
0.90 0.0154 0.0122 0.0096 0.0076 0.0060
0.95 0.0176 0.0146 0.0118 0.0094 0.0075
0.975 0.0192 0.0164 0.0138 0.0111 0.0090
0.99 0.0207 0.0185 0.0158 0.0133 0.0110

79
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Table 2.2Finite sample power at 5% nominal level of the OLS-based variance ratio test statistic by Breitung (2002), VR, (p,k), for testing the null of no

cointegration against the alternative of cointegration (left-sided test). Results based on a local-to-unity framework of analysis, with u, = o,u,_; + v, o, = 1 —

c/n

Sample size, n
n=100

n=250

n =500

n=750

No deterministic component

Constant term (p = 0)

Constant term and linear trend (p = 1)

k=1 2 3 4 5 k=1 2 3 4 5 k=1 2 3 4 5
c= 0.0478 0.0528 0.0530 0.0500 0.0510 0.0630 0.0594 0.0614 0.0600 0.0660 0.0506 0.0506 0.0522 0.0510 0.0534
5 0.1018 0.0824 0.0742 0.0716 0.0736 0.1310 0.1122 0.0910 0.1006 0.0964 0.0850 0.0786 0.0860 0.0806 0.0832
10 0.1808 0.1544 0.1284 0.1186 0.1330 0.2454 0.2060 0.1894 0.1756 0.1674 0.1546 0.1488 0.1454 0.1272 0.1290
20 0.3436 0.2972 0.2806 0.2718 0.2406 0.5148 0.4442 0.4410 0.3898 0.3822 0.3810 0.3438 0.3362 0.3162 0.3078
30 0.4468 0.4480 0.4118 0.3708 0.3680 0.6700 0.6342 0.6370 0.6032 0.5662 0.6354 0.6030 0.5688 0.5648 0.5316
40 0.5884 0.5592 0.5328 0.4890 0.4626 0.7972 0.7658 0.7354 0.7400 0.7232 0.7816 0.7488 0.7276 0.7192 0.6994
50 0.6880 0.6404 0.6196 0.6092 0.5886 0.8654 0.8606 0.8574 0.8610 0.8420 0.8996 0.8784 0.8642 0.8560 0.8298
c= 0.0532 0.0486 0.0522 0.0502 0.0474 0.0682 0.0606 0.0608 0.0582 0.0580 0.0506 0.0498 0.0522 0.0532 0.0518
5 0.0962 0.0824 0.0774 0.0792 0.0802 0.1432 0.1242 0.1120 0.1064 0.1036 0.0844 0.0824 0.0842 0.0840 0.0740
10 0.1674 0.1380 0.1294 0.1252 0.1256 0.2460 0.1938 0.1898 0.1818 0.1722 0.1726 0.1446 0.1446 0.1342 0.1402
20 0.3338 0.2764 0.2626 0.2340 0.2226 0.4538 0.4316 0.3926 0.3436 0.3466 0.3700 0.3176 0.3058 0.2910 0.3098
30 0.4478 0.4048 0.3586 0.3578 0.3418 0.6236 0.5866 0.5650 0.5352 0.5336 0.5704 0.5286 0.5212 0.4964 0.4872
40 0.5356 0.4972 0.4798 0.4598 0.4336 0.7514 0.7216 0.7154 0.7006 0.6900 0.7274 0.7076 0.6866 0.6732 0.6492
50 0.6316 0.5650 0.5528 0.5536 0.5258 0.8198 0.8142 0.8002 0.7878 0.7744 0.8294 0.7892 0.7872 0.7716 0.7670
c= 0.0506 0.0478 0.0520 0.0512 0.0446 0.0650 0.0682 0.0626 0.0668 0.0618 0.0506 0.0562 0.0512 0.0514 0.0538
5 0.0864 0.0792 0.0754 0.0782 0.0724 0.1470 0.1206 0.1238 0.1138 0.1010 0.0830 0.0782 0.0784 0.0748 0.0740
10 0.1774 0.1338 0.1244 0.1228 0.1236 0.2368 0.1928 0.1844 0.1728 0.1768 0.1380 0.1396 0.1300 0.1366 0.1294
20 0.3234 0.2840 0.2634 0.2482 0.2378 0.4498 0.4298 0.4024 0.3830 0.3628 0.3860 0.3536 0.3062 0.2866 0.2802
30 0.4452 0.4012 0.3668 0.3426 0.3262 0.6290 0.5878 0.5738 0.5488 0.5286 0.5714 0.5288 0.4872 0.4766 0.4696
40 0.5310 0.4864 0.4422 0.4428 0.4224 0.7462 0.7222 0.7010 0.6858 0.6658 0.7062 0.6544 0.6394 0.6396 0.6148
50 0.5996 0.5688 0.5306 0.5076 0.4986 0.8066 0.7870 0.7874 0.7794 0.7656 0.8064 0.8090 0.7938 0.7808 0.7478
c= 0.0528 0.0546 0.0520 0.0510 0.0498 0.0654 0.0632 0.0650 0.0634 0.0646 0.0498 0.0538 0.0502 0.0540 0.0530
5 0.0950 0.0852 0.0756 0.0824 0.0802 0.1356 0.1204 0.1202 0.1186 0.1138 0.0878 0.0816 0.0840 0.0850 0.0834
10 0.1732 0.1416 0.1408 0.1212 0.1196 0.2474 0.2394 0.2012 0.1748 0.1556 0.1614 0.1354 0.1238 0.1152 0.1138
20 0.3128 0.2562 0.2568 0.2484 0.2372 0.4522 0.4238 0.3828 0.3714 0.3522 0.3546 0.3326 0.3064 0.2962 0.2908
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0.4304 0.3918 0.3858 0.3480 0.3222 0.6144 0.6066 0.5722 0.5292 0.5206 0.5554 0.5068 0.4900 0.4726 0.4620
0.5464 0.4784 0.4626 0.4352 0.4212 0.7368 0.6966 0.6630 0.6660 0.6542 0.7054 0.6632 0.6508 0.6268 0.6086
0.5910 0.5536 0.5328 0.5178 0.4930 0.8116 0.7912 0.7704 0.7676 0.7606 0.8290 0.7908 0.7780 0.7530 0.7538

B.2 Quantiles of the IM-OLS based fluctuation test statistics and finite-sample power results

Table 2.3 Quantiles of the null distribution of the fluctuation test statistics with scaling factor given by the residual variance of the first differences of the IM-
OLS residuals. Case of deterministically trendless integrated regressors and results from the IM-OLS regression

Statistic
F, .(p,k)

F,,(p,k)

No deterministic component

Constant term (p = 0)

Constant term and linear trend (p = 1)

Quantiles, co() k=1 2 3 4 5 k=1 2 3 4 5 k=1 2 3 4 5

0.01 0.0163 0.0114 0.0089 0.0074 0.0064 0.0129 0.0098 0.0080 0.0068 0.0059 0.0111 0.0089 0.0073 0.0064 0.0056
0.025 0.0191 0.0130 0.0100 0.0082 0.0070 0.0150 0.0110 0.0089 0.0074 0.0065 0.0126 0.0099 0.0081 0.0070 0.0061
0.05 0.0222 0.0145 0.0110 0.0089 0.0076 0.0170 0.0123 0.0097 0.0081 0.0070 0.0140 0.0108 0.0089 0.0076 0.0066
0.1 0.0265 0.0167 0.0124 0.0100 0.0084 0.0196 0.0139 0.0109 0.0090 0.0077 0.0160 0.0121 0.0099 0.0083 0.0072
0.25 0.0366 0.0216 0.0154 0.0120 0.0099 0.0258 0.0173 0.0132 0.0107 0.0090 0.0202 0.0149 0.0118 0.0098 0.0084
0.50 0.0550 0.0292 0.0198 0.0150 0.0121 0.0356 0.0227 0.0166 0.0132 0.0109 0.0269 0.0190 0.0146 0.0119 0.0100
0.75 0.0892 0.0413 0.0263 0.0191 0.0150 0.0511 0.0304 0.0214 0.0164 0.0133 0.0369 0.0246 0.0185 0.0146 0.0121
0.90 0.1476 0.0581 0.0343 0.0242 0.0183 0.0732 0.0404 0.0272 0.0203 0.0162 0.0498 0.0318 0.0228 0.0179 0.0145
0.95 0.2060 0.0745 0.0414 0.0281 0.0208 0.0908 0.0482 0.0318 0.0232 0.0181 0.0600 0.0375 0.0265 0.0203 0.0162
0.975 0.2867 0.0929 0.0488 0.0325 0.0235 0.1115 0.0569 0.0363 0.0262 0.0201 0.0713 0.0431 0.0300 0.0228 0.0181
0.99 0.4265 0.1261 0.0605 0.0380 0.0273 0.1431 0.0706 0.0428 0.0299 0.0229 0.0869 0.0525 0.0351 0.0262 0.0207
0.01 0.3585 0.3098 0.2764 0.2553 0.2396 0.3263 0.2878 0.2618 0.2446 0.2312 0.3039 0.2761 0.2568 0.2389 0.2247
0.025 0.3871 0.3289 0.2936 0.2697 0.2521 0.3492 0.3066 0.2776 0.2581 0.2428 0.3234 0.2925 0.2696 0.2504 0.2360
0.05 0.4150 0.3474 0.3085 0.2827 0.2634 0.3697 0.3239 0.2925 0.2710 0.2531 0.3426 0.3066 0.2819 0.2622 0.2462
0.1 0.4494 0.3727 0.3285 0.2994 0.2771 0.3987 0.3447 0.3105 0.2863 0.2674 0.3644 0.3252 0.2973 0.2766 0.2590
0.25 0.5218 0.4198 0.3651 0.3302 0.3044 0.4509 0.3846 0.3428 0.3147 0.2925 0.4084 0.3602 0.3279 0.3024 0.2828
0.50 0.6219 0.4858 0.4156 0.3713 0.3393 0.5228 0.4372 0.3860 0.3514 0.3243 0.4667 0.4069 0.3662 0.3372 0.3131
0.75 0.7633 0.5707 0.4776 0.4210 0.3809 0.6134 0.5018 0.4386 0.3942 0.3626 0.5398 0.4619 0.4122 0.3766 0.3487
0.90 0.9364 0.6665 0.5461 0.4745 0.4262 0.7162 0.5741 0.4952 0.4415 0.4030 0.6206 0.5242 0.4633 0.4203 0.3863



F,(p.k)
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0.95 1.0764 0.7426 0.5962 0.5130 0.4592 0.7892 0.6238 0.5341 0.4727 0.4308 0.6717 0.5657 0.4988 0.4490 0.4122
0.975 1.2319 0.8172 0.6441 0.5476 0.4894 0.8575 0.6710 0.5725 0.5040 0.4553 0.7257 0.6089 0.5309 0.4764 0.4383
0.99 1.4285 0.9302 0.7049 0.5955 0.5278 0.9471 0.7390 0.6198 0.5446 0.4888 0.7904 0.6599 0.5718 0.5105 0.4712
0.01 0.3859 0.3299 0.2974 0.2724 0.2540 0.3515 0.3070 0.2797 0.2600 0.2457 0.3260 0.2976 0.2743 0.2535 0.2383
0.025 0.4181 0.3558 0.3159 0.2894 0.2698 0.3792 0.3295 0.2996 0.2759 0.2592 0.3515 0.3151 0.2894 0.2682 0.2523
0.05 0.4503 0.3784 0.3343 0.3047 0.2836 0.4053 0.3498 0.3167 0.2915 0.2732 0.3717 0.3319 0.3047 0.2836 0.2653
0.1 0.4934 0.4092 0.3598 0.3260 0.3020 0.4384 0.3767 0.3395 0.3115 0.2898 0.4001 0.3557 0.3249 0.3013 0.2821
0.25 0.5797 0.4704 0.4089 0.3673 0.3373 0.5065 0.4296 0.3822 0.3494 0.3239 0.4588 0.4020 0.3646 0.3368 0.3137
0.50 0.7012 0.5596 0.4782 0.4265 0.3886 0.6065 0.5042 0.4439 0.4018 0.3716 0.5408 0.4681 0.4212 0.3860 0.3584
0.75 0.8603 0.6748 0.5701 0.5045 0.4564 0.7358 0.6013 0.5241 0.4730 0.4345 0.6479 0.5553 0.4939 0.4508 0.4166
0.90 1.0578 0.8159 0.6796 0.5952 0.5338 0.8844 0.7158 0.6214 0.5554 0.5097 0.7771 0.6588 0.5820 0.5281 0.4875
0.95 1.2031 0.9142 0.7603 0.6588 0.5899 0.9872 0.7957 0.6866 0.6125 0.5619 0.8681 0.7342 0.6479 0.5829 0.5377
0.975 1.3674 1.0089 0.8348 0.7254 0.6416 1.0776 0.8809 0.7535 0.6752 0.6118 0.9559 0.8060 0.7024 0.6360 0.5838
0.99 1.5734 1.1525 0.9379 0.8092 0.7179 1.2116 0.9821 0.8375 0.7473 0.6752 1.0620 0.8862 0.7761 0.7079 0.6432
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Table 2.4 Quantiles of the null distribution of the fluctuation test statistics with scaling factor
given by the residual variance estimator based on the first difference of IM-OLS residuals. Case
of deterministically trending integrated regressors and results from the IM-OLS regression
based on OLS detrended observations

QuantilesConstant term (p = 0)

Statistic cq(k)

E.,(p,k) 0.01
0.025
0.05
0.1
0.25
0.50
0.75
0.90
0.95
0.975
0.99

k=1 2

3

4 5

Constant term and linear trend (p =

D
k=1 2

3

4 5

0.0146 0.0107

0.0167 0.0119
0.0188 0.0132
0.0221 0.0152
0.0296 0.0192
0.0424 0.0254
0.0629 0.0344
0.0940 0.0464
0.1229 0.0562
0.1579 0.0684
0.2061 0.0848

0.0083

0.0093
0.0103
0.0115
0.0141

0.0180
0.0233
0.0301

0.0359
0.0405
0.0494

0.0071 0.0062

0.0078 0.0067
0.0085 0.0072
0.0094 0.0080
0.0113 0.0094
0.0140 0.0115
0.0176 0.0141
0.0219 0.0171
0.0250 0.0193
0.0286 0.0217
0.0334 0.0247

0.0118 0.0092

0.0135 0.0103
0.0154 0.0115
0.0176 0.0129
0.0226 0.0161
0.0306 0.0207
0.0427 0.0274
0.0592 0.0360
0.0734 0.0428
0.0878 0.0506
0.1104 0.0616

0.0076

0.0085
0.0093
0.0103
0.0125
0.0156
0.0199
0.0251

0.0290
0.0332
0.0390

0.0066 0.0058

0.0072 0.0063
0.0078 0.0069
0.0087 0.0075
0.0103 0.0087
0.0126 0.0104
0.0156 0.0128
0.0191 0.0154
0.0218 0.0173
0.0245 0.0193
0.0280 0.0219

£ .(p,k) 0.01
0.025
0.05
0.1
0.25
0.50
0.75
0.90
0.95
0.975
0.99

0.3415 0.2993
0.3635 0.3177
0.3871 0.3351
0.4156 0.3565
0.4735 0.3988
0.5546 0.4557
0.6599 0.5243
0.7807 0.6047
0.8637 0.6603
0.9487 0.7108
1.0635 0.7835

0.2727
0.2868
0.3007
0.3183
0.3517
0.3968
0.4511
0.5120
0.5490
0.5876
0.6423

0.2498 0.2352
0.2646 0.2472
0.2759 0.2579
0.2920 0.2715
0.3211 0.2970
0.3590 0.3300
0.4045 0.3700
0.4511 0.4104
0.4831 0.4384
0.5140 0.4660
0.5621 0.5018

0.3172 0.2831
0.3355 0.3000
0.3556 0.3145
0.3779 0.3335
0.4266 0.3705
0.4884 0.4201
0.5670 0.4805
0.6541 0.5457
0.7160 0.5908
0.7739 0.6301
0.8391 0.6902

0.2605
0.2743
0.2869
0.3032
0.3342
0.3754
0.4240
0.4760
0.5104
0.5499
0.5895

0.2432 0.2297
0.2563 0.2415
0.2668 0.2513
0.2809 0.2644
0.3085 0.2879
0.3437 0.3188
0.3848 0.3551
0.4283 0.3935
0.4562 0.4214
0.4869 0.4451
0.5245 0.4791

£ . (p,k) 0.01
0.025
0.05
0.1
0.25
0.50
0.75
0.90
0.95
0.975
0.99

0.3415 0.2993
0.3635 0.3177
0.3871 0.3351
0.4156 0.3565
0.4735 0.3988
0.5546 0.4557
0.6599 0.5243
0.7807 0.6047
0.8637 0.6603
0.9487 0.7108
1.0635 0.7835

0.2727
0.2868
0.3007
0.3183
0.3517
0.3968
0.4511
0.5120
0.5490
0.5876
0.6423

0.2498 0.2352
0.2646 0.2472
0.2759 0.2579
0.2920 0.2715
0.3211 0.2970
0.3590 0.3300
0.4045 0.3700
0.4511 0.4104
0.4831 0.4384
0.5140 0.4660
0.5621 0.5018

0.3172 0.2831
0.3355 0.3000
0.3556 0.3145
0.3779 0.3335
0.4266 0.3705
0.4884 0.4201
0.5670 0.4805
0.6541 0.5457
0.7160 0.5908
0.7739 0.6301
0.8391 0.6902

0.2605
0.2743
0.2869
0.3032
0.3342
0.3754
0.4240
0.4760
0.5104
0.5499
0.5895

0.2432 0.2297
0.2563 0.2415
0.2668 0.2513
0.2809 0.2644
0.3085 0.2879
0.3437 0.3188
0.3848 0.3551
0.4283 0.3935
0.4562 0.4214
0.4869 0.4451
0.5245 0.4791

Table 2.5 Finite-sample power of the test statistic £, ,(p,k) deterministically trendless integrated

regressors, at the 5% nominal level, with a nonparametric kernel estimator of the CLRV based
on first differences of IM-OLS residuals based on the Bartlett kernel and bandwidth m,, =
[d(n/100)"*], d =12

No deterministics

Casep=0

Sample size, n

100 250 500 750 1000
k=1 0.0678 0.1702 0.2888 0.3650 0.3894
2 0.1932 0.2300 0.3738 0.4076 0.4486
3 0.7804 0.3754 0.4528 0.5064 0.4876
4 09884 0.6846 0.5386 0.5694 0.5534
5 0.9998 0.9434 0.7314 0.6808 0.6460
k=1 0.2120 0.3874 0.5234 0.6108 0.6456
2 0.5548 0.4322 0.5164 0.5942 0.6096
3 09578 0.6714 0.58100 0.6340 0.6498
4 0.9990 0.9090 0.7362 0.6848 0.7118



Casep=1

N AW N T W,

1.0000
0.3006
0.8380
0.9906
0.9998
1.0000

0.9898
0.4066
0.4848
0.7410
0.9544
0.9960

0.8588
0.6026
0.5740
0.6716
0.7850
0.9066

0.7906
0.7138
0.6534
0.6788
0.7310
0.8590

0.7970
0.7464
0.6656
0.7030
0.7580
0.8240
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Table 2.6 Finite-sample power of the test statistic £, ,(p,k) with deterministically trending

integrated regressors, at the 5% nominal level, with nonparametric kernel estimator of the

CLRYV based on the first difference of the IM-OLS residuals, Bartlett kernel and bandwidth m,, =

[d(n/100)"*]

Casep=0 k=1

Case p =1

k=1

—_—

12

12

12

12

12

12

12

12

12

12

Sample size, n

100 250 500 750 1000

0.5985 0.6600 0.6705 0.6805 0.6605
0.4495 0.5620 0.6455 0.6250 0.6270
0.2546 0.3634 0.5122 0.5662 0.5798
0.5620 0.6570 0.6190 0.6390 0.6385
0.4460 0.5465 0.6235 0.6095 0.6065
0.5896 0.4344 0.4926 0.5504 0.5708
0.6000 0.6465 0.6605 0.6425 0.6705
0.5600 0.5240 0.6320 0.6655 0.6325
1.0000 0.6522 0.5504 0.6116 0.5946
0.6480 0.6810 0.7065 0.6935 0.6990
0.7390 0.6240 0.6705 0.6895 0.6930
1.0000 0.9440 0.7106 0.6956 0.6656
0.6825 0.6935 0.7355 0.7395 0.7330
0.9320 0.7145 0.6985 0.7300 0.7300
1.0000 1.0000 0.8590 0.7834 0.7492
0.7155 0.7565 0.7905 0.7800 0.7985
0.4765 0.6770 0.7490 0.7845 0.7795
0.3470 0.4666 0.6180 0.6784 0.6960
0.6365 0.7140 0.7355 0.7280 0.7390
0.5360 0.6370 0.6905 0.7455 0.7325
0.9286 0.5276 0.5892 0.6312 0.6614
0.6210 0.7130 0.7445 0.7545 0.7410
0.6565 0.6560 0.7130 0.7520 0.7430
1.0000 0.8208 0.6582 0.6728 0.6712
0.6540 0.7425 0.7625 0.7670 0.7405
0.8555 0.7435 0.7675 0.7645 0.7590
1.0000 0.9894 0.8002 0.7326 0.7404
0.6975 0.7720 0.7690 0.7725 0.7710
0.9805 0.8285 0.7820 0.7810 0.7810
1.0000 1.0000 0.9300 0.8368 0.8148
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Figure 2.1 Finite-sample power of £, ,(p,k) with deterministically trendless integrated regressors

14
0.9
0.8
0.7 A
0.6 -
0.5 4
0.4 -
0.3
0.2
0.1 A

0

0.9 4
0.8
0.7 4
0.6
0.5 4
0.4
0.3 4
0.2 4
0.1 4

0.9 4
0.8
0.7
0.6
0.5
0.4
0.3 4
0.2
0.1 4

\\

100 250 500 750 1000

(a) No deterministics

\

100 250 500 750 1000

(b) Constant term (p=0)

{

100 250 500 750 1000

—k=1—k=2—k=3 k=4 —k=5
(c) Constant term and linear trend (p=1)

Figure 2.2 Finite-sample power of £, ,(p,k) with deterministically trending integrated regressors
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Table 2.7 Finite-sample power of the test statistic £ ,(p,k) with deterministically trendless

integrated regressors, at the 5% nominal level, with nonparametric kernel estimator of the
CLRYV based on OLS residuals, Bartlett kernel and bandwidth m, = [d(n/100)"*], d = 12

Sample size, n

100 250 500 750 1000

No deterministics k=1 0.1810 0.3354 0.5324 0.6570 0.7348
2 0.1396 0.3270 0.6354 0.7332 0.8266

3 0.1120 0.3148 0.6338 0.7762 0.8548

4 0.0840 0.2712 0.6092 0.7674 0.8674

5 0.0770 0.2166 0.5558 0.7490 0.8620

Casep =0 k=1 0.2396 0.5388 0.8252 0.9088 0.9444
2 0.1640 0.4612 0.7908 0.9006 0.9370

3 0.1472 0.4144 0.7294 0.8808 0.9364

4 0.1306 0.3466 0.6686 0.8456 0.9304

5 0.1528 0.2910 0.6324 0.8226 0.9014

Casep=1 k=1 0.2024 0.5216 0.8184 0.9192 0.9574
2 0.1478 0.4354 0.7602 0.8828 0.9366

3 0.1250 0.3836 0.7218 0.8648 0.9322

4 0.1546 0.3046 0.6606 0.8438 0.9250

5 0.1916 0.2526 0.6158 0.8086 0.8976

Table 2.8 Finite-sample power of the test statistic £, (p,k) with deterministically trending

integrated regressors, at the 5% nominal level, with nonparametric kernel estimator of the
CLRYV based on OLS residuals, Bartlett kernel and bandwidth m, = [d(n/100)"*], d = 12

Sample size, n
100 250 500 750 1000

Casep=0 k= 0.2704 0.5786 0.7970 0.8882 0.9410
0.2230 0.4998 0.7952 0.8926 0.9426
0.1596 0.3970 0.7596 0.8866 0.9298
0.1290 0.3560 0.7042 0.8696 0.9168
0.1674 0.2936 0.6440 0.8288 0.9118
Casep =1 k= 0.2640 0.5726 0.8272 09118 0.9550

0.1750 0.4746 0.7616 0.8878 0.9362
0.1928 0.4138 0.7290 0.8688 0.9240
0.2152 0.3504 0.6736 0.8458 0.9188
0.2290 0.3262 0.6118 0.8200 0.9076
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