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Abstract 

 

Objectives. The electrical impedance spectroscopy (EIS) 

is relatively new technique used in medicine. The main 

problems that should be solved are its low resolution and 

that it fails to distinguish between tissue types, so some 

kind of the contrast should be applied. Magnetical 

nanoparticles have been used for imaging and other 

medical applications. For that reason, our research group 

decided to analyse the changes of electrical properties of 

chicken muscle tissue caused by three different types of 

metal nanoparticles at 50KHz. Methodology. Bio-Logic 

Science Instruments SP-150 was used as EIS device. 

Three different particles were analysed: two types of 

nanomagnetite (NM1 and NM2) and one of Gold 

particles (GNP). NM1 and NM2 samples were 

synthetized by coprecipitation and combustion method, 

respectively. GNP were synthetized by Turkevich 

method. Nanoparticles were characterized by SEM and 

RAMAN spectroscopy. Four needles were placed in each 

chicken breast to connect the EIS device. Measurements 

were obtained from each chicken breast at basal stage 

and after being injected with nanoparticles. Data was 

analyzed by bode graphics (module and phase). 

Contribution. The major changes of electrical properties 

of tissue were evidenced by using NM1 and GNP. 

 

Magnetite, Gold nanoparticles, Electrical impedance 

 

 

 

 

Resumen 

 

Objetivos. La espectroscopia de impedancia eléctrica 

(EIS) es una técnica utilizada en medicina. Los 

principales problemas que deben resolverse son su baja 

resolución y el no poder distinguir entre los tipos de 

tejido, por lo tanto, se necesita aplicar un medio de 

contraste. Las nanopartículas magnéticas se han usado en 

imagenología y otras aplicaciones médicas. Por esa 

razón, nuestro grupo de investigación decidió analizar los 

cambios en las propiedades eléctricas del tejido muscular 

del pollo causados por tres tipos diferentes de 

nanopartículas metálicas a 50KHz. Metodología. Bio-

Logic Science Instruments SP-150 se utilizó como 

dispositivo EIS. Se analizaron tres partículas: dos de 

nanomagnetita (NM1 y NM2) y una de oro (GNP). Las 

muestras de NM1 y NM2 se sintetizaron por los métodos 

de coprecipitación y de combustión, respectivamente. El 

GNP se sintetizó mediante el método de Turkevich. Las 

nanopartículas se caracterizaron por SEM y 

espectroscopia RAMAN. Se colocaron cuatro agujas en 

cada pechuga de pollo para conectar el dispositivo. Las 

mediciones se obtuvieron de cada pechuga de pollo antes 

y después de ser inyectadas con nanopartículas. Los datos 

fueron analizados por gráficos de Bode (módulo y fase). 

Las diferencias más significativas se muestran usando las 

partículas NM1 Y GNP. Contribución. Los principales 

cambios en las propiedades eléctricas en el tejido se 

evidenciaron mediante el uso de NM1 y GNP. 

 

Magnetita, Nanopartículas de oro, Impedancia 

eléctrica
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Introduction 

 

The electrical impedance spectroscopy (EIS) is 

a versatile technique that consist in injection of 

an electrical current and detection of potential 

and vice versa.  Applications of this technique 

include but are not limited to materials 

characterization, exploration of cavities in 

constructions, transmission lines and medicine.  

 

Medical application of EIS is based on 

the fact that it allows to characterize the 

electrical properties of tissues by detecting 

volume changes and the variations of cellular 

structure. Electrical current used for this 

purpose is very small and undetected for human 

body (less then 1mA), also electrical impedance 

equipment is relatively cheap and can be 

produced as portable devices.  

 

The main problem that should be solved 

in order to establish EIS as a reliable medical 

procedure is its low resolution and it fails to 

distinguish between tissue types, so some kind 

of the contrast should be applied. 

 

Magnetic nanoparticles provide a 

multifunctional platform for scientific and 

clinical applications, such as biosensors, protein 

and cell separation systems and magnetic 

carriers for hyperthermia and tissue specific 

drug delivery. For instance, nanomagnetite was 

assessed as imaging contrast for magnetic 

resonance tomography with good results and as 

an agent for magnetically guided drug delivery. 

In other hand, the gold nanoparticles also have 

shown promising results in targeted drug 

delivery, imaging, photothermal and 

photodynamic therapy.  

 

Taking into account that metallic 

nanoparticles possess electrical properties 

different from living tissue our research group 

decided to assess them in EIS measurements. In 

this work, changes of the parameters of 

impedance vector (module and phase) in three 

chicken breasts under the influence of three 

different nano-particles (two samples of 

nanomagnetite synthetized by two different 

methods and one sample of nanogold particles 

synthesised by precipitation method) were 

assessed. At this work we present the results at 

50 KHz frequency, of interest at our group, at 

which a change in the cellular structure can be 

detected. 

 

 

Methodology 

 

For this work a Bio-Logic Science Instruments 

SP-150 was used as EIS device. Three chicken 

breasts were used, weighing 345.9 g, 349.5 g 

270g. Each one was analyzed at basal state an 

under the influence of a specific nanoparticle. 

 

Three types of nanoparticle were used: 

two nanomagnetite (NM1, NM2) synthetized 

by coprecipitation and combustion method, 

respectively; the NM1 particle, exhibited a 

hematite phase; a gold particle (GNP) 

synthetized by Turkevich method. 

 

The nanomagnetite particles were 

characterized by SEM and Raman 

spectroscopy. 

 

Four needles (38mm) were placed in 

each chicken breast to connect the EIS device.  

 

Five measurements were obtained from 

each chicken breast at: I) basal stage II) after 

being injected with nanoparticles, the 

equipment setting is shown in Figure 1. 

 

 
 
Figure 1 EIS device (left) connected to chicken breast at 

1) basal stage and 2) after being injected with 

nanoparticles  
 

The impedance measurements were 

made at 50 KHz and the mean value of the 

impedance-module an impedance-phase was 

calculated, for each chicken breast. 

 

All the parameters of impedance vector 

were analyzed by Bode graphics (magnitude 

and phase). 
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Results 

 

The particle size of NM1 is 10-70 nm. 

Similarly, NM2 sample’s particles were 

irregular in shape with size less than 100 nm. 

GNPs were colloidally suspended with size 10-

50 nm. RAMAN spectra of synthetized 

nanoparticles are shown in Figure 2. It can be 

observed that nanomagnetite synthesized by 

two methods shows similar RAMAN spectra, 

so it can be concluded that this two samples 

possess similar composition. 

  

  
 

Figure 2 RAMAN spectra of used nanoparticles: A) 

NM1; B) NM2 
 

The mean value of impedance-module 

and impedance-phase at basal stage and under 

the influence of the three nanoparticles were for 

breast 1 (NM1): 244.1Ω (-58.47°) and 147.5Ω 

(-47.8°), for breast 2 (NM2): 141.4Ω (-47.7°) 

and 138.9Ω (-47.6°), for breast 3 (GNP): 

130.9Ω (-38.1°) and 132.9Ω (-39.1°), 

respectively. 

 

Conclusions 

 

The major changes of electrical properties of 

chicken breast were evidenced by using NM1 

and GNP due to the particle size, NM1 phase 

condition,   and Au conductivity. For the further 

evaluation of use of nanoparticles in EIS 

technique, they should be evaluated in other 

tissue types. 

 

 
 
Figure 3 Graph of impedance vector (magnitude and 

phase) at 1) basal stage and 2) after being injected with 

nanoparticles (GNP, NM1, NM2) 
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Abstract 

 

In this research, it is presented a detailed study of the 

structural and thermoelectric properties of the pyrochlore 

zirconium Pr2Zr2O7 compound prepared by solid-state 

reaction (SSR) in air at ambient pressure. The 

synthesized sample was characterized using powder X-

ray diffraction. The thermal stability of the thermoelectric 

compound (TE) Pr2Zr2O7 was tested by 

thermogravimetric analysis (TGA) and differential 

thermal analysis (DTA). Scanning electron microscopy 

shows that the crystal size varies between 0.69 and 

2.81μm. Electrical conductivity (𝜎) of the sample 

calcined at 1400 °C presented values increase irregularly 

with the increasing temperature from 0.001 to 0.018 S 

cm-1 as expected in a semiconductor material. The 

thermal conductivity is lower than 0.44 - 775 W m-1 K-1 

which is quite anomalous in comparison with the thermal 

conductivity of other oxides. 

 

 

Solid-state reaction, Pyrochlore compounds, Crystal 

structure 

 

 

Resumen 

 

En esta investigación, se presenta un estudio detallado de 

las propiedades estructurales y termoeléctricas del 

compuesto pirocloro de circonio Pr2Zr2O7 preparado por 

reacción en estado sólido (SSR) en aire a presión 

ambiente. La muestra sintetizada se caracterizó utilizando 

difracción de rayos-X en polvo. La estabilidad térmica 

del compuesto termoeléctrico (TE) Pr2Zr2O7 se probaron 

mediante análisis termogravimetrico (TGA) y análisis 

térmico diferencial (DTA). Microscopía electrónica de 

barrido muestra que el tamaño del cristal varía entre 0.69 

y 2.81μm. La conductividad eléctrica (σ) de la muestra 

calcinada a 1400 ° C presentó valores que aumentan 

irregularmente con el aumento de la temperatura de 0.001 

a 0.018 Scm-1 como se esperaba en un material 

semiconductor. La conductividad térmica es inferior a 

0.44 - 775 W m-1 K-1 , lo cual es bastante anómalo en 

comparación con la conductividad térmica de otros 

óxidos. 

 

Reacción en estado sólido, Compuestos de pirocloro, 

Estructura cristalina 
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Introduction 

 

Thermoelectric devices are a technology that 

converts waste heat into electric power or vice 

versa through the thermoelectric phenomena in 

semiconductor solids [1]. Since this technology 

is a direct energy conversion in solids, it has 

attracted a renewed interest as a fundamental 

technology for environmentally friendly energy 

conversion. In particular, thermoelectric power 

generation has been now considered as a 

possible renewable energy source. The 

thermoelectric materials comprises from 

semimetals, semiconductors, ceramics to 

polymers. However, thermoelectric oxide 

materials have been extensively investigated as 

a promising thermoelectric power generator 

because they are stable at high temperatures in 

air. Oxides were considered to be poor 

thermoelectric materials, but after the discovery 

of a large thermoelectric power factor in 

NaxCoO2, some cobalt oxides are recognized as 

good p-type thermoelectric oxides [2,3]. In 

contrast, not yet discovered is an n-type 

counterpart to the cobalt oxides. Some of the 

transparent conductors such as ZnO and In2O3 

show indeed good thermoelectric performance 

above 1000 K, [4,5] but the lattice thermal 

conductivity is much higher than the 

conventional thermoelectric materials. The 

doped titanates [6,7] and niobates [8-10] are 

fairly good n-type thermoelectric materials at 

room temperature, but they are easily oxidized 

at high temperature to lose conductivity in air. 

Recently, a large Seebeck coefficient and low 

thermal conductivity have been reported in 

polycrystalline samples of the double 

perovskite ruthenate Sr2LRuO6 (L; rare-earth) 

[11]. Although the magnetic properties and 

ground states of the titanate pyrochlores have 

been investigated in detail, similar studies of 

the zirconate pyrochlores have been hampered 

by the lack of large, good quality single 

crystals. With the exception of a few 

investigations on Pr2Zr2O7 single crystals [12-

14], most of the research on the zirconate 

pyrochlores has used powder samples [15-22].  

 

The aim of this investigation was to 

synthe- size the polycrystaline Pr2Zr2O7 

compound via the solid-state reaction method 

and a detailed study of the precise time for 

obtaining the compound. In the present 

contribution, we report the relationship between 

structural, Seebeck Coefficient, electrical 

conductuvity and termal conductivity properties 

of the pirochlore Pr2Zr2O7.  

These properties make rare-earth 

zirconates suitable for a variety of applications 

such as solid electrolytes, catalysts, nuclear 

waste forms, and especially high-temperature 

TBCs (Thermal barrier coatings) materials [23]. 

 

Materials and Methods 

 

Polycrystalline sample of the Pr2Zr2O7 

compound was synthesized by solid-state 

reaction at ambient pressure in air. The starting 

materials were ZrO2 (Riedel-de Haën pure), and 

Pr2O3 (Cerac, 99.9 %). Structure and purity of 

the materials were determined by XDR. The 

stoichiometric mixture of the starting materials 

was done in air during 30 minutes, agrided with 

an agata mortar, resulting in homogenous slurry 

[24].  

 

The resultant Pr2Zr2O7 mixture was 

compressed into pellets (13 mm diameter, 1.0-

1.5 ± 0.05 mm thickness) by applying a 

pressure of 3 tons/cm2 during 5 minutes under 

vacuum. The resulting compacted specimens 

were then sintered in air at 1400 °C during 3 

days and then cooled down to room temperature 

following the natural cooling of furnace to 7 h.  

 

The thermal behavior of Pr2Zr2O7 

compound was studied from 25 to 1200 °C 

through differential thermal analysis (DTA), 

and thermogravimetric analysis (TGA) using 

measuring equipment SDT Q600, TA 

Instruments. Sample was characterized by X-

ray powder diffraction (XRD) using an APD 

2000 diffractometer with Cu Kα radiation (λ = 

1.5406 𝐴̇) and a graphite monocromator.  

 

Diffraction patterns were collected at 

room temperature in air, over the 2θ range 10o – 

90o with a step size of 0.025o and a time per 

step of 15 seconds. Changes in morphology and 

grain size were induced in the sample by 

performing different heat treatments during all 

the process of the sample preparation and 

examined by scanning electron microscopy 

(SEM) on a Hitachi S-3400N-II System.  

 

The 10.00 K.X micrograph was taken 

with a voltage of 20 kV, a current intensity of 

1000 pA and WD = 10 mm. Energy Dispersive 

X-Ray (EDX) was performed on the same SEM 

system, which is equipped with an EDAX 9900 

device.  
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For thermoelectric characterization, 

square-shaped compact of dimension 10 mm x 

10 mm x 0.5 mm was prepared using a 3-ton 

hydraulic press, Seebeck coefficient and 

electric conductivity were measured 

simultaneously under a 10 sscm N2 flux, from 

100 to 800 °C in a high- precision SBA 458 

Nemesis Netszch system imposing a 0.05 A 

current; the heater voltage for Seebeck 

measurements was 1.0 V, the temperature 

increment was 5 Ks -1, and the temperature 

difference threshold is 15 K. The thermal 

conductivity was measured in a LFA 467 

HyperFlash Netszch apparatus equipped with a 

xenon flash lamp and an InSb detector, in the 

temperature range from 100 to 600 °C, with 

pulsed energy up to 10 J/pulse and pulse width 

of 20–1200 μs. 

 

Results and Discussions 
 

Thermogravimetric Analysis (TGA). The TGA 

curves are important to determine the 

temperatures to which the formation of organic 

matter and subproducts take place during the 

solid-state reaction method. The results 

obtained from this technique did help to control 

the process parameters to produce the Pr2Zr2O7 

compound. The TGA results obtained from the 

Pr2Zr2O7 were analyzed separately and are 

shown in Figure 1. The TGA (a) curve is 

divided in three most relevant regions: 25-350 

°C, 350–700 °C, and 700-1200 °C. In the next 

ascend TGA curve start with a hydrated 

material at room temperature up to 350 °C. 

After 350 °C an increase in curve means, the 

formation of Pr2Zr2O7 compound (seen in some 

reaction conditions by XRD). Around 700 °C it 

is detected a weak lost of energy peak that may 

be due to the melting of reagents, binary and 

ternary compounds corroborated by XRD. 

 

The DTA (b) curve for Pr2Zr2O7 

compound is presented in Figure 1. The sample 

present a first exothermic effect around 300 °C, 

which is unusual; it means that the strcuture 

that is obtained between 300 and 1200 °C is 

metaestable and the DTA exotherm signs a 

decrease in enthalpy of the sample and 

therefore a change to a more stable structure. 

For temperatures higher than 1200 °C, 

exothermic effects are observed that are 

important to understand the stability in the solid 

solution formation mechanism as its thermal 

stability. 

 

 
 
Figure 1 TGA and DTA of the Pr2Zr2O7 sample 
 

Figure 2 presents the X-ray diffraction 

pattern of the sintered Pr2Zr2O7 compound. The 

combination of the XRD and TGA analysis 

proved to be useful when observing the number 

of phases that changed during the applied heat 

treatments to Pr2Zr2O7 sample. The solid line 

corresponds to a cubic polycrystalline phase 

with Fd3̅m (No. 227) space group and it is 

identified as Pr2Zr2O7 compound with PDF (04-

008-6354). 

 

 
Figure 2 XRD Pattern evolution of pyrochlore Pr2Zr2O7 

compound 
 

The EDX elemental analysis of the 

Pr2Zr2O7 compound is shown in Figure 3. The 

atomic percentage for the Pr, Zr and O was 

54.14%, 28.11% and 19.75%, respectively.  
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Figure 3 Spectrum of EDX analysis for the Pr2Zr2O7 

compound after applying the heat treatment at 1400 o C 

during 3 days 
 

Figure 4 shows the elemental SEM 

mapping performed to the produced Pr2Zr2O7 

compound. This analysis confirmed the 

homogeneous distributions of the Pr2Zr2O7 

compound in the sample. The sample calcined 

at 1400 °C shows the formation of different 

particle sizes between 0.69 and 2.81 μm, and 

some of them present a well-defined grain 

boundary, while the rest are agglomerations.  

 

 
 
Figure 4 SEM for the Pr2Zr2O7 compound 

 

Electrical conductivity (𝜎) of the sample 

calcined at 1400 °C is presented in Figure 5. 

Sample calcined at 1400 °C show a electrical 

conductivity low. The 𝜎 values increase 

irregularly with the increasing temperature from 

0.001 to 0.018 Scm-1 as expected in a 

semiconductor material [25].  

 

 

 

 

 
 
Figure 5 Temperature dependence of electrical 

conductivity for Pr2Zr2O7 sample obtained at 1400 °C 
 

 
Figure 6 Seebeck coefficient and thermal conductivity in 

the temperature range 300–900 °K 
 

Seebeck coefficient and thermal 

conductivity measured as a function of 

temperature are presented in Figure 6. The Fig. 

6 (a) show S values, ranging from -0.00025 to 

0.0005 𝜇VK-1, are positive and negative over 

the temperature range confirming the 

semiconductor p and n-character, where the 

holes and electrons are the main charge carriers. 

The p-character in Pr2Zr2O7 has been attributed 

to the deviation from stoichiometric 

composition and ionized and / or interstitial 

oxygens generate positive holes [26-28].  

 

The sign for the sample is negative, and 

the magnitude systematically decreases with 

increasing temperature. These results show that 

the Pr +3 ion acts as a donor to supply electrons 

to the system. The calculated thermal 

conductivity of Pr2 Zr2O7 ceramic as a 

function of temperature are plotted in Fig. 6 (b). 

The thermal conductivity of Pr2Zr2O7 ceramic 

gradually decrease with the increase of 

temperature up to 800o C, which is attributed to 

the lattice thermal conduction. 
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Conclusion 

 

In this work, was obtained polycrystalline 

Pr2Zr2O7 compound by solid-state reaction 

method in air at atmospheric pressure. SEM 

micrograph shows the effect of heat treatments 

and processing route on the grain morphology 

of the compound. The 𝜎 values increase 

irregularly with the increasing temperature from 

0.001 to 0.018 Scm-1 as expected in a 

semiconductor material.  

 

Perspectives 

 

As future considerations, with the result of the 

measurements obtained in this study we have as 

future research to improve the electrical 

conductivity property of our new compounds 

using small quantities of Sr+2 doping and to 

decrease the thermal conductivity, which will 

help us obtain a zirconium pyrochloro with 

better thermoelectric properties for applications 

in solid electrolytes, catalysts, nuclear waste 

forms, and especially high-temperature TBC 

materials. 
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Abstract 

 

The present investigation is proposing a new partial 

encryption algorithm for digital image, using the 

synchronization of cellular automata based on the 

local rule 90. Unlike other partial encryption 

algorithm, which become vulnerable to attacks such as 

Replacement Attack or Reconstruction Attack, this 

system encodes different bit planes, in function of the 

secret key, that is, for each block of clear text, 

different bits are encrypted to prevent that with an 

elimination operation of the encrypted bits information 

can be revealed. The synchronization of cellular 

automata  has proven to be a useful tool for data  

encryption because it is sensitivity to initial conditions 

and, in addition, rule 90 is considered a chaotic 

standard. Both characteristics ensure cryptographic 

and perceptive   security. Based on the results of the 

security analysis, this research could be an attractive 

option for image encryption with less computer cost 

and without compromising information 

confidentiality. 

 

 

Cellular automata, Rule 90, Chaotic 

 

Resumen 

 

En la presente investigación se propone un nuevo 

algoritmo de cifrado parcial para imágenes digitales, 

utilizando la sincronización de autómatas celulares 

basada en la regla local 90. A diferencia de otros 

algoritmos de cifrado parcial, los cuales llegan a ser 

vulnerables a ataques como Replacement Attack o 

Reconstruction Attack, este sistema cifra diferentes 

planos de bits, en función de la clave secreta, es decir, 

para cada bloque de texto en claro se cifran diferentes 

bits, para evitar que con una operación de eliminación 

de los bits cifrados se pueda revelar información. La 

sincronización de autómatas celulares ha demostrado 

ser una herramienta útil para el cifrado de datos, 

debido a su sensibilidad a condiciones iniciales y a que 

la regla 90 es considerada de patrón caótico, ambas 

características permiten cumplir con la seguridad 

criptográfica y perceptual. Con base en los resultados 

del análisis de seguridad, esta propuesta podría ser una 

opción atractiva para cifrado de imágenes con un 

menor costo computacional sin comprometer la 

confidencialidad de la información. 

 

Autómatas celulares, Regla 90, Caótico 
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Introduction 

 

Nowadays is more common that we perform 

more operations via internet, thus facilitating 

processes and optimizing time. However, this 

means that users require more security and 

protection in the transmission of personal data, 

since these files are exposed in transmission 

links. One of the techniques used to protect 

information is encryption systems. This 

technique consists on making the information 

unintelligible in such a way that it can only be 

retrieved using the correct algorithm key. 

 

Currently, image encryption is a very 

active area of research due to the high demand 

of multiple tasks where it is required, for 

example: videoconferences, satellite 

communications, video surveillance, medical 

imaging systems, among others. Although there 

are already several conventional encryption 

algorithms, such as AES (Advanced Encryption 

Standard) and DES (Data Encryption Standard), 

they have often been impractical and insecure 

in some ways for image encryption due to their 

intrinsic properties, such as high data rate, 

strong adjacent correlation, etc (Lian s, 2008). 

That is the reason why security problems 

expands every day, since encryption algorithms 

must provide perceptual and cryptographic 

security. 

 

To avoid high latency in the encryption 

system, one option is to use partial encryption 

algorithms. This type consists on the encryption 

of a specific number of bits of the clear text 

block, while the rest remain unchanged. All of 

the above results in the investigation and 

implementation of new image encryption 

schemes, such as dynamic systems based on 

non-linear systems. That is why this research 

proposes a partial encryption system based on 

the synchronization of cellular automata using 

rule 90, which is classified as a chaotic pattern. 

The evaluation allows us to conclude that it is a 

strong algorithm against cryptanalysis and 

statistical attacks (Espinoza, 2018). 

 

Foundations 

 

Cellular Automata 

 

Cellular automata (CA) emerged in the 1940s 

by mathematician John Von Neumann (Von, 

1966), who tried to model a machine that was 

capable of self-replication. 

Cellular automata consist of an ordered 

set of cells, in the form of a grid, where each 

cell has a finite number of states. The cellular 

automatons form a two-dimensional grid where 

their cells evolve in discrete steps, according to 

a local update rule applied uniformly, over all 

cells. At the beginning, a state is assigned to the 

cells at time t = 0, where the new states will 

depend on their previous states and those of 

their neighborhood, as shown in Fig. 1. 

 

 
 
Figure 1 Space and Time Diagram of a cellular 

automaton 

Source: Ramírez. (2015) 

 

The assignment of values to all cells is 

known as configuration. The automaton 

receives an initial configuration and then 

progresses through other configurations in a 

sequence of discrete time steps. In each step all 

cells are updated simultaneously. A pre-

specified rule determines the new value (Urias, 

1998). This algorithm is used to calculate the 

next state of the cell. 

 

Rule 90 

 

Elemental Cellular Automata (ECA) differ from 

each other; just by choosing this local rule, they 

consider a neighborhood of radius 1, that is, a 

cell with its left and right neighbor. Each one 

can take only two values {0,1}, therefore there 

are only 8 combinations, resulting in 28 = 256 

different local rules and ECA. Thus, local rule 

90 is described by the expression of eq. (1): 

𝑋𝑖
𝑡+1 = (𝑋𝑡

𝑖−1 + 𝑋𝑡
𝑖+1 ) 𝑚𝑜𝑑 2           (1) 

  

In which X is the value in cell (0,1), t is 

the time and i is the index of its position. All 

cells obey the same rule, which can be given as 

a formula or as a table that specifies the new 

value for each possible combination of 

neighboring values. Rule 90 is one of the 

elementary rules of cellular automatons 

introduced by Stephen Wolfram in 1983 

(Wolfram, 2018).  
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The results of the rule are coded in the 

binary representation of the number 90 = 

01011010. 

 

Synchronization phenomenon 

 

The synchronization phenomenon occurs after a 

period of time where the behaviors of two 

dynamic systems approach arbitrarily. The 

coupling of cellular automata occurs when a 

given set of coordinates (coupled coordinates) 

are copied from one of the systems, which is 

the cellular automaton known as the controller, 

in the system that will be called a replica. In 

this way, at each time step, both systems evolve 

with the same local rule and use the same 

coupled coordinates, thus synchronizing. 

 

Next, in Fig. 2. we show a case 

considering n = 3, therefore the coupled 

coordinates are separated by 2𝑛 − 1 = 7 sites. 

In the same Fig. 2 we can see the evolution 

according to the rule 90 of cellular automatons 

of the controller and the replica with the same 

coupled coordinates. After 2𝑛 − 1 = 7 steps, 

the evolution of both cellular automata is the 

same (Urias, 1998). 

 

 
 
Figure 2 Synchronization phenomenon Left: CA 

controller. Right: CA replica 

Source: Ramírez. (2015) 

  

ESAC encryption system 

 

The Synchronization System with Cellular 

Automata (SSCA) is a symmetric cipher that 

encrypts blocks of 𝟐𝒌 -1 bit using for each 

block a subkey generated from an initial key. 

The SSCA system encrypts and decrypts a 

message divided into a sequence of 15-bit 

blocks, using a different key for each block. 

The same key must be used in the encryption 

and recovery of the original message.  

 

 

 

 

 

The encryption mode requires a clear 

text block p, with size L, p will be the block to 

be encrypted. It also requires a random block z, 

with size L + 1, which will perform processing 

to p, and at the output it will have a processed 

data block 𝑝.̂ It also requires seeds that interact 

with each other to generate an encryption key t 

of size N. With this key, the data block is 

encrypted, obtaining the encrypted block c. 

 

Based on the synchronization 

phenomena of the SSCA system, in ref. (Urias, 

1998), the authors proposed a pseudorandom 

number generator (PRNG). Its main function is 

denoted as ℎ (𝒑, 𝒛)and requires two vectors p 

and z of n bits and n + 1 bits, respectively. 

Where p is the pixel coefficient and z the 

random vector. 

 

Pseudorandom Number Generator 

 

Equations (2) for the generation of the key with 

N = 15 bits are shown below (Espinosa, 2018). 
 
𝑡1 =  𝑥1 +  𝑦2 

𝑡2 =  𝑥2 +  𝑦1 +  𝑦3 

𝑡3 =  𝑥1 +  𝑥3 +  𝑦4 

𝑡4 =  𝑥4 +  𝑦1 +  𝑦3 +  𝑦5 

𝑡5 =  𝑥1 +  𝑥3 +  𝑥5 +  𝑦2 +  𝑦6 

𝑡6 =  𝑥2 +  𝑥6 +  𝑦1 +  𝑦5 +  𝑦6 

𝑡7 =  𝑥1 +  𝑥5 +  𝑥7 +  𝑦8 

𝑡8 =  𝑥8 +  𝑦1 +  𝑦5 +  𝑦7 +  𝑦9 

𝑡9 =  𝑥1 +  𝑥5 +  𝑥7 +  𝑥9 +  𝑦2 +  𝑦6 +  𝑦10 

𝑡10 = 𝑥2 + 𝑥6 + 𝑥10 + 𝑦1 + 𝑦3 + 𝑦5 + 𝑦9 + 𝑦11 

𝑡11 = 𝑥1 +  𝑥3 +  𝑥5 +  𝑥9 +  𝑥11 +  𝑦4 +  𝑦12 

𝑡12 = 𝑥4 +  𝑥12 +  𝑦1 +  𝑦3 +  𝑦9 +  𝑦11 +  𝑦13 

𝑡13 =  𝑥1 + 𝑥3 + 𝑥9 + 𝑥11 + 𝑥13 + 𝑦2 + 𝑦10 +  𝑦14 

𝑡14 =  𝑥2 +  𝑥10 +  𝑥14 +  𝑦1 +  𝑦9 +  𝑦13 +  𝑦15 

𝑡15 =  𝑥1 +  𝑥9 +  𝑥13 +  𝑥15 +  𝑦16                   (2) 

 

Encryption function 

 

In this paper, a partial encryption algorithm for 

3 bits is proposed. It begins by encrypting the 

least significant bits, then the next group goes 

through its position and so on, until it covers all 

positions by performing such shift 8 times. In 

Ref. (Espinosa, 2018) the equations (3) were 

used for full 8-bit encryption. 

 

𝑐1 =  𝑡1 ⊕  𝑡9 ⊕  𝑡13 ⊕  𝑡15 ⊕  𝑝1̂ 

𝑐2 =  𝑡2 ⊕  𝑡10 ⊕  𝑡14 ⊕  𝑝2̂ 

𝑐3 =  𝑡3 ⊕  𝑡11 ⊕ 𝑡15 ⊕  𝑝1̂  ⊕  𝑝3̂ 

𝑐4 =  𝑡4 ⊕  𝑡12 ⊕  𝑝4̂ 

𝑐5 =  𝑡5 ⊕  𝑡13 ⊕  𝑝3̂ ⊕  𝑝5̂ 

𝑐6 =  𝑡6 ⊕  𝑡14 ⊕  𝑝2̂  ⊕  𝑝6̂ 

𝑐7 =  𝑡7 ⊕ 𝑡15 ⊕ 𝑝1̂ ⊕ 𝑝3̂ ⊕ 𝑝5̂ ⊕ 𝑝7̂ 

𝑐8 =  𝑡8 ⊕  𝑝8̂                                               (3) 
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Where c is encrypted text, t equals the 

secret key, and 𝒑 ̂ is processed text. 
  

Processing function 

 

The processing function allows the calculation 

of a pseudorandom sequence through the 

backwards evolution in time of the cellular 

automaton. In Ref. (Urias, 1998) a 

pseudorandom number generator (PRNG) was 

used as a processing function, where the clear 

and random text blocks are taken as Boolean 

vectors. This processing and deprocessing 

function allows to change highly redundant 

values for others, with uniform distribution. 

The implementation of this generator is given 

by the following equations (4) and (5), based on 

ref. (Espinosa, 2018). 

 

Processing 

 

𝑝1 ̂ =  p1 ⊕ z2 

𝑝2 ̂ =  p2 ⊕ z1 ⊕ z3 

𝑝3 ̂ =  p1 ⊕ p3 ⊕ z4 

𝑝4 ̂ =  p4 ⊕ z1 ⊕ z3 ⊕ z5 

𝑝5 ̂ =  p1 ⊕ p3 ⊕ p5 ⊕ z2 ⊕ z6 

𝑝6 ̂ =  p2 ⊕ p6 ⊕ z1 ⊕ z5 ⊕ z7 

𝑝7 ̂ =  p1 ⊕ p5 ⊕ p7 ⊕ z8 

𝑝8 ̂ =  p8 ⊕ z1 ⊕ z5 ⊕ z7 ⊕ z9                      (4) 

 

Unprocessing 

 

p1 =  𝑝1 ̂ ⊕ z2 

p2 =  𝑝2 ̂ ⊕ z1 ⊕ z3 

p3 =  𝑝1 ̂ ⊕ 𝑝3 ̂ ⊕ z2 ⊕  z4 

p4 =  𝑝4 ̂ ⊕ z1 ⊕ z3 ⊕ z5 

p5 =  𝑝3 ̂ ⊕ 𝑝5 ̂ ⊕ z2 ⊕ z4 ⊕  z6                                                                                         

p6 =  𝑝2 ̂ ⊕ 𝑝6̂ ⊕ z3 ⊕ z5 ⊕ z7 

p7 =  𝑝1 ̂ ⊕ 𝑝3 ̂ ⊕ 𝑝5 ̂ ⊕ 𝑝7 ̂ ⊕ z4 ⊕ z6 ⊕ z8 

p8 =  𝑝8 ̂ ⊕ z1 ⊕ z5 ⊕ z7 ⊕ z9                      (5) 

 

Development 

 

To perform the dynamic partial system, groups 

of 3 equations are made to encrypt the 

processed bits of 𝒑 ̂. Table 1 shows the 8 

encryption versions considered. 

 
Version Encrypted Bits 

1 c1 , c2, c3 

2 c2 , c3, c4 

3 c3 , c4, c5 

4 c4 , c5, c6 

5 c5 , c6, c7 

6 c6 , c7, c8 

7 c7 , c8, c1 

8 c8 , c1, c2 

 
Table 1 Versions of partial encryption algorithms 

Source: Prepared by the authors 

Through this proposed algorithm, the 

user will be able to choose different versions of 

encryption mentioned in Table 1, in the order 

they want, due to its dynamic behavior. 

Therefore, the algorithm to encrypt an image 

consists of the following steps: 

 

1. First, the image to be encrypted is 

selected. 

 

 
 

Figure 3 Grayscale Lena image 

Source: Prepared by the authors 

 

2. The sequence of the encryption version 

taken from Table 1 of 8 combinations is 

chosen. 

 

 
 

Figure 4 Key sequence for encryption 

Source: Prepared by the authors 

 

 

3. The pixel is entered as a block of clear 

text and we get p.  
4. Then the pixel is processed with the 

vector z to obtain 𝒑 ̂. 
5. The t key is generated using the 

equations (2). 

6. The 3 bits of the image are encrypted 

according to the encryption version in 

turn. 

7. The encryption version is changed and 

repeated from step 2 to 6, until the 

entire image is encrypted. 

8. The encrypted image is obtained. 
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Figure 5 Steps for dynamic partial encryption 

Source: Prepared by the authors 

 

Results 

 

To test the proposed encryption method, we 

considered the algorithm for several 512x512 

grayscale images. 

 

 
(a) 

 
(b) 

 
Figure 6 (a) Original image of Lena. (b) Lena encrypted 

image using the proposed encryption 

Source: Prepared by the authors 

 

To measure the quality of the proposed 

encryption, several statistical tests were used, 

such as: histogram analysis and correlation 

coefficients (González, 2019), as well as 

cryptanalysis tests: Chosen-plaintext attack and 

bit replacement. The results are shown below: 

 

Statistical Tests 

 

Histograms 

 

Histogram analysis shows how the pixels of an 

image are distributed, plotting the number of 

pixels according to the grayscale level. It 

consists of a test that measures the distribution 

of the pixels between the original and the 

encrypted image. In Fig. 7. the histogram of the 

original image is displayed, while in Fig. 8. the 

resulting histogram of the encrypted image is 

displayed. As we can see, the histograms of 

both images are different. 

 

 

 
 
Figure 7 Histogram of the original image 

Source: Prepared by the authors 

 

 
 
Figure 8 Histogram of the encrypted image 

Source: Prepared by the authors 

 

Correlation coefficients 

 

In order to demonstrate that the encrypted 

image is different from the original image, we 

calculated the correlation coefficients between 

both images. If the calculated coefficient is 

close to 0 on both sides, it determines that there 

is no weak linear correlation, thus, the proposed 

system shows good performance. The results 

are shown in Table 2. 

 
Image Correlation  

Lena 0.0001186 

 
Table 2 Correlation coefficients of the encrypted image 

Source: Prepared by the authors 

 

Cryptanalysis Tests 

 

Chosen plain-text attack 

 

This test is intended for the attacker to reduce 

the security of the encryption system and reveal 

information.  

original image
encryption 
sequence

clear text 
block

pixel 
processing

encrypted 
image
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Attackers can choose some images 

arbitrarily (images where all pixels have the 

same value), and obtain the corresponding 

encrypted images, all under the same conditions 

of the type of encryption used. The tests 

performed are shown in Fig. 9.  

 

(a) 

 

(b) 

(c)              (d) 

(e) 

 

 
Figure 9 (a) Original image of Lena. (b) Encrypted 

image of (a). (c) Selected flat image. (d) Encrypted image 

of (c). (e) Image recovered 

Source: Prepared by the authors 

  

Replacement Attack 

 

Assuming that the proposed encryption is 

secure, we carry out the attack known as a 

replacement attack, which consists on directly 

reconstructing the encrypted images. In this 

attack, the encrypted parts are replaced by 

artificial data that mimic the typical images 

[IX]. The encrypted bit plane is replaced by a 

constant 0, and the resulting decrease in the 

measured luminance is compensated by adding 

64 to each pixel if only the most significant bit 

plane is encrypted. In Fig. 10. the resulting 

image can be seen, where no information is 

disclosed, denoting that the proposed system is 

safe. 

 
 
Figure 10 Image resulting from the replacement attack 

Source: Prepared by the authors 

 

Conclusions 

 

In the present work, a dynamic partial 

encryption system for digital images was 

proposed, which was able to offer 

cryptographic security by using the 

synchronization of cellular automatons and rule 

90 to better encrypt this information. Different 

statistical and cryptanalysis tests were carried 

out, with the success of the proposed algorithm. 

Therefore, this algorithm can be implemented 

in the encryption of important information. 
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Abstract  

 

In the children's movie The Incredibles there is a scene 

where Mr Incredible faces Bomb Voyage, while Incredi 

Boy wants to help Mr Incredible, Incredi Boy flies with 

Mr Incredible, who holds on to the hero's cloak, affecting 

Incredi Boy’s flight plan. To understand how an 

oscillatory movement affects non-oscillatory movement, 

an experimental prototype was constructed with a particle 

of mass m, attached to a rigid rod and without mass of 

length l, to a swivel of negligible mass, which was 

subject to a mass M. The swivel always remained on a 

horizontal plane, allowing the oscillatory movement of 

mass m. Experimental results were obtained by means of 

wireless sensors which recorded the spatial coordinates 

of the mass m. Using Lagrangian mechanics we obtained 

the equations of motion and expressed the possible first 

integrals of movement, when the movement of the mass 

M was: linear uniform (ULM), uniformly accelerated, 

(UAM), uniform circular (UCM), accelerated circular 

(ACM) and forced circular (FCM). The dynamics were 

analyzed, the equations of movement obtained, they were 

solved numerically, and the experimental results were 

compared to theoretical and numerical results. 

 

 

 

Mechanics, Simulation, No-inertial-Movement 

 

Resumen  

 

En una película infantil hay una escena, Mr Increíble 

enfrenta a Bomb Voyage, el niño Incredi Boy quiere 

ayudar a Mr Increible, Incredi Boy vuela con Mr 

increíble, quien se sostiene de la capa del héroe, 

afectando el plan de vuelo de Incredi Boy. Para entender 

cómo afecta un movimiento oscilatorio al movimiento no 

oscilatorio, se construye un prototipo experimental con 

una partícula de masa m, unida a una varilla rígida y sin 

masa de longitud l, a una rótula de masa despreciable, la 

cual está sujeta a una masa M. La rótula permanece en 

todo instante sobre un plano horizontal y permite el 

movimiento oscilatorio de la masa m. Se obtienen 

resultados experimentales que son recabados por medio 

de sensores inalámbricos que permiten la obtención de 

coordenadas espaciales de la masa m. Usando mecánica 

Lagrangiana se obtienen las ecuaciones de movimiento, 

expresamos las posibles integrales primeras de 

movimiento, cuando el movimiento de la masa M es: 

rectilíneo uniforme, (MRU), uniformemente acelerado, 

(MRUA) circular uniforme (MCU), circular acelerado 

(MCA) y circular forzado (MCF). Se analiza la dinámica, 

se obtienen las ecuaciones de movimiento, se resuelven 

numéricamente, y se contrastan los resultados 

experimentales con resultados teóricos y numéricos. 

 

Mecánica, Simulación, Sistema-no-inercial 
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Introduction 

 

In the children's movie The Incredibles I, Mr. 

Incredible when facing one of the villains, the 

famous Bomb Voyage, is helped by his biggest 

fan, a boy named Buddy Pine, who would later 

become his archenemy. Mr. Incredible clarifies 

to the boy that he works alone and does not 

want to deal with Incrediboy (Buddy Pine), 

Incrediboy insists to be part of the incredible 

celebrities who help the world against the 

wicked and considers that searching for help 

can be a way to start participating with Mr. 

Incredible.  

 

On his way out, the evil Bomb Voyage 

places one of his bombs on the boy's cape, Mr. 

Incredible upon realizing it, releases the villain 

and runs to rescue the child. The boy is 

equipped with shoes that allow him to fly, he 

starts his flight just when Mr. Incredible grabs 

his cape, the child's flight then becomes 

unstable and erratic due to the oscillation of the 

body of the super Hero with the boy's cape and, 

of course, to Mr. Incredible's own weight. 

 

We take this fact to study the dynamics 

of a movement like that described in the movie. 

Our goal is to understand how a three-

dimensional (3D) movement for a given object 

is disturbed by the oscillation of a second object 

subject to the first. This kind of movements 

occur in real life and this research may have 

applications for practical cases, for example: 

when a helicopter by means of a cable, carries a 

certain mass, like a sculpture, or moves 

granular material to put out a fire, etc. 

 

Carrying out the investigation for a 3D 

case of a flying object is our final goal; for this, 

we show results for certain cases of the study 

system, which will allow us to subsequently 

establish the general case in 3D. 

 

The system (see Figure 1) is formed by 

a particle of mass m, which is attached through 

a rigid rod of length l without mass to a ball of 

negligible mass, which is subject to another 

object of mass M; the swivel at all times 

remains on a horizontal plane and allows the 

oscillatory movement of the particle of mass m. 

The movement of the mass particle M obeys the 

following cases: uniform linear motion (ULM), 

uniformly accelerated linear motion (UALM), 

uniform circular motion (UCM), uniformly 

accelerated circular motion (UACM).  

The dynamic properties of the system 

are studied through Lagrangian dynamics, the 

energies are obtained to subsequently obtain the 

equations of motion through the Euler-

Lagrange equations and thus study the coupling 

between the linear and angular variables. 

 

Likewise, the study is carried out from 

an experimental device in accordance with the 

system described above, results are obtained on 

the acceleration of mass M with the help of 

wireless communication by means of sensors, 

which are provided with accelerometer, 

compass and gyroscope, allowing the obtention 

of linear and angular acceleration values. 

Numerical results of the motion equations are 

also obtained by solving the system of 

differential motion equations for each case. We 

discuss their tendency to chaos and contrast the 

experimental results with the numerical ones. 

 

Theory 

 

a) Uniform Linear Motions and Uniformly 

Accelerated Linear Motion 

 

 
 

Figure 1 Description of the study system 

 

We first consider the case when the 

mass M moves in a straight line in the direction 

of the y-axis, the inertial reference system 

selected to study both the movement of the 

mass M and the pendulum of mass m and length 

l is shown in Figure 1 and it is determined by 

the x, y, z axes. Note that the position vectors: 𝑟 

that locates the mass m, 𝑦⃗ that locates the mass 

M and 𝑙  that locates the mass m, from the 

center of mass of M, form a triangular polygon, 

which allows the three vectors to be related: 

 

𝑟 = 𝑦⃗ + 𝑙                                                        (1) 

 

The 𝑦⃗ and 𝑟 vectors are given by the 

following two equations:   

 

𝑦⃗ = 𝑦 𝑗̂                                                          (2) 
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𝑟 = 𝑙 cos 𝜑 sin 𝜃 𝑖̂ +

𝑙 sin 𝜑  sin 𝜃 𝑗̂ − 𝑙 sin 𝜃 𝑘̂
                           (3) 

 

As the coordinate of interest is 𝑟, in 

order to construct the kinetic energy of the 

pendular mass: 𝐾 = 𝑚 𝑟̇2 2⁄ , in the case of the 

pendulum, it is necessary to obtain 𝑟 ̇, with (1-

3) and then taking the internal product 𝑟̇2 = 𝑟̇ ∙

𝑟̇ to establish the kinetic energy of the mass m:   

 

𝐾𝑚 =
1

2
𝑚 (𝑙2 sin 𝜃2 𝜃̇2 + (−𝑙 sin 𝜃 sin 𝜑 𝜃̇ +

𝑙 cos 𝜃 cos 𝜑 𝜑̇)
2

+ (ẏ + 𝑙 cos 𝜃 sin 𝜑 𝜃̇ +

𝑙 cos 𝜑 sin 𝜃  𝜑̇)
2

)                                         (4) 

 

It is possible to observe that this kinetic 

energy depends on the variables: ( , , , , ).y      

The kinetic energy of the mass object M will be 

given by: 
  

 𝐾𝑀 =
1

2
𝑀𝑦̇2                                                   (5) 

 

Where y  is the velocity of mass M. 

Because it travels on an equipotential 

gravitational surface, the change in its 

gravitational potential energy is zero and the 

contribution to gravitational potential energy is 

due only to the pendular mass, which is:  

  

  𝑈 = −𝑚 𝑔 𝑙 cos 𝜃                                        (6) 

 

The Lagrangian function (Herber 

Goldstein, 2000) of the system is obtained in 

the standard way: L = K-U. Through the Euler-

Lagrange equation: 
𝑑

𝑑𝑡

𝜕𝐿

𝜕𝑞̇
−

𝜕𝐿

𝜕𝑞
= 0, the three 

equations of motion are obtained, for the time-

dependent dynamic variables: 𝜃(𝑡), 𝜑(𝑡), 𝑦(𝑡) 

as follows: 

 

𝜃̈ =
2𝑔 sin 𝜃+𝑙 sin 2𝜃𝜃̇2+2𝑙 sin 2𝜑 𝜃̇φ̇+2 cos 𝜃 sin 𝜑 𝑦̈

−2𝑙 +𝑙 cos 2𝜃 +𝑙 cos 2𝜑
    (7) 

 

𝜑̈ = −
sec 𝜑 sin 𝜃 ÿ

𝑙
+ tan 𝜑 θ̇2 + tan 𝜑 𝜑̇2     (8) 

 

ÿ =
𝑙𝑚 sin 𝜃 sin 𝜑θ̇2

𝑚+𝑀
−

2𝑙𝑚 cos 𝜃 cos 𝜑𝜃̇φ̇

𝑚+𝑀
−

𝑙𝑚 sin 𝜃 sin 𝜑𝜑̇2

𝑚+𝑀
−

𝑙𝑚 cos 𝜃 sin 𝜑 θ̈

𝑚+𝑀
−

𝑙𝑚 cos 𝜑 sin 𝜃𝜑̈

𝑚+𝑀
     (9) 

 

It is possible to continue along this path, 

so it is necessary that the set of three ordinary 

differential equations of the second order be 

reduced.  

It is observed that the dynamic variables 

𝜃̈(𝑡), 𝜑̈(𝑡), 𝑦̈(𝑡) are coupled to reduce the 

system of equations, substitute (9) in equations 

(7) and (8) to obtain a set of two differential 

equations with two variables; with this, the 

information of the linear variable y is lost, 

which can be known from the results for  and 

 . 

  

However, it is possible to obtain more 

information because in this Lagrangian the y 

coordinate is a cyclic coordinate, since there is 

no dependence on it in the Lagrangian and only 

depend on 𝑦̇, that is: 

  

y

L
p My

y


 


                                              (10) 

 

Where 𝑝𝑦 is the linear momentum of 

mass M, combining the results, we have: 

 

(cos sin cos sin )y l                       (11) 

 

Equation (11) is integrated to obtain the 

following result: 

 

 

 

cos sin

cos sin

2 sin sin

y dy l d

l d

l

  

  

 

   

 

 

 

                     (12) 

 

This result is interesting because 

although it is true it is negative, the function 

sin(x) is sometimes positive and sometimes 

negative; it is also assumed that although the 

variables θ and φ are coupled, we do not know 

if they are found in phase or not, so that result 

indicates that certainly the car sometimes 

moves forward and sometimes backwards. With 

these results, we prepared the simulation to 

analyze the dynamic states of the system.  

 

b) Circular Motion 

c)  

 
Figure 2 Description of the study system in uniform 

circular motion 
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For this case, we considered Figure 2 

and observed that the triangular polygon is 

formed by the vectors 𝑅⃗⃗, 𝑙 𝑎𝑛𝑑 𝑟. The way in 

which the three vectors are related is given by: 

    

𝑟 = 𝑅⃗⃗ + 𝑙                                                      (13) 

 

In rectangular coordinates the vector 𝑅⃗⃗ 

is written as: 

 

𝑅⃗⃗ = 𝑅 cos 𝜃  𝑖̂ + 𝑅 sin 𝜃 𝑗̂                          (14) 

 

Where R is the radius of the 

circumference where the object of mass M will 

move and  is the azimuth angle. The vector 𝑙  
locates the pendular mass from the center of 

mass of the object of mass M, the pendular 

mass can move in three dimensions, so that the 

vector 𝑙  is written based on the variables of 

Figure 2 as:  

 

𝑙 = 𝑙 sin 𝜙 cos 𝜑 𝑖̂ + 𝑙 sin 𝜙 sin 𝜑 𝑗̂ −

𝑙 cos 𝜙 𝑘̂
       (15) 

 

with (10) (11) and (12) 𝑟 is established 

as, 

 

𝑟 = (𝑅 cos 𝜃 + 𝑙 sin 𝜙 cos 𝜑) 𝑖̂ +
(𝑅 sin 𝜃 + 𝑙 sin 𝜙 sin 𝜑) 𝑗̂ − 𝑙 cos 𝜙 𝑘̂        (16) 

 

by proceeding in the same way as for 

the linear case we have: 

 

𝐾𝑚 =
1

2
𝑚 (𝑅2𝜃̇2 + 2𝑙𝑅𝜃̇ (− cos 𝜙 sin(𝜃 −

𝜑)𝜙̇ + cos(𝜃 − 𝜑) sin 𝜙 𝜑̇) + 𝑙2(𝜙̇2 +

sin 𝜙2 𝜑̇2))                                                   (17) 

 

and 𝐾𝑀 is obtained with: 

 

𝐾𝑀 =
1

2
𝑀 𝑅2𝜃̇2                                            (18) 

 

The potential energy is only 

gravitational and is corresponding to the 

pendulum as follows: 

 

𝑈𝑔𝑚
= −𝑚 𝑙 𝑔 cos 𝜙                                    (19) 

 

Of course, once the Lagrangian is 

obtained, we proceeded in the same way: 

through the equation of Euler Lagrange the 

equations of movement are obtained for the 

three dynamic variables: 

 

θ̈ = −
𝑙𝑚 sin 𝜙sin (𝜃−𝜑)ϕ̇2

(𝑚+𝑀)𝑅
−

2𝑙𝑚 cos 𝜙 cos(𝜃−𝜑)𝜙̇𝜑̇

(𝑚+𝑀)𝑅
−

𝑙𝑚 sin 𝜙 sin(𝜃−𝜑)𝜑̇2

(𝑚+𝑀)𝑅
+

𝑙𝑚 cos 𝜙 sin(𝜃−𝜑)𝜙̈

(𝑚+𝑀)𝑅
−

𝑙𝑚 cos(𝜃−𝜑) sin 𝜙𝜑̈

(𝑚+𝑀)𝑅
            (20) 

 

ϕ̈ = −
𝑔 sin 𝜙

𝑙
+

𝑅 cos 𝜙 cos(𝜃−𝜑) θ̇2

𝑙
+

cos 𝜙 sin𝜙𝜑̇2 +
𝑅 cos 𝜙 sin(𝜃−𝜑)𝜃̈

𝑙
                  (21) 

 

𝜑̈ =
𝑅 csc 𝜙 sin(𝜃−𝜑)𝜃̇2

𝑙
− 2 cot 𝜙 𝜙̇𝜑̇ −

𝑅 cos(𝜃−𝜑) csc 𝜙𝜃̈

𝑙
                                             (22) 

 

In this set of three second-order ordinary 

differential equations, the dynamic variables are 

also coupled. To solve the system, it is 

necessary that (21) and (22) are substituted in 

(20), to obtain an equation for 𝜃̈ which only 

depends on the generalized coordinates 

𝜃, 𝜙 , 𝜑 , 𝜃̇, 𝜙̇ 𝑎𝑛𝑑 𝜑̇. Then, once having that 

result for (20), it is also substituted in both (21) 

and (22) to obtain three equations dependent 

only on the generalized coordinates, and solve 

by numerical methods, the set of differential 

equations. Unlike the previous case, there is no 

cyclical coordinate here, which indicates that 

there is no conservation of any associated 

moment or amount of movement. 

 

Simulation 

 

In order to carry out the simulation of the 

described systems, a change of variable is 

usually suggested to reduce the system to a first 

order, the results obtained by the simulation 

correspond to the values q and 𝑞̇ since 𝑞̈is 

known, which is described by equations (7-9) 

for the case of linear motion and (20-22) for 

circular motion. 

 

The numerical method used to solve the 

differential equations is the Runge-Kutta 

method of order 4 (RK4). The choice of the 

method is essentially because it is the most 

standardized, we have it programmed and it has 

served for the numerical solution of other 

problems and dynamic systems that we have 

studied. 

 

There are currently several computer 

programs that intrinsically have a variety of 

solution methods programmed for differential 

equations; however, we chose to develop our 

own code, because these programs represent a 

black box for the user.  
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This method is explained and applied 

for simple systems in books of numerical 

methods (Timothy Sauer, 2013), as well as in 

books of differential equations (W. E Boyce, 

2004). The error due to the use of the method is 

of the order of the step size, which we denote 

by δh raised to the 4, that is, 𝜀𝑟𝑟 = Δℎ4. The 

step size is defined as the partition of the 

integration interval δℎ = (𝑏 − 𝑎) 𝑛⁄ , where b is 

the upper limit of the interval, a is the lower 

limit, n the number of parts into which the 

interval is divided, which in fact corresponds to 

the number of iterations that will have to be 

done to cover the entire proposed integration 

interval (b-a). For case a) we have δh = 0.0011 

and for case b) δh = 0.0019, throwing an error 

𝜀𝑟𝑟 = 1.4 × 10−12, 𝜀𝑟𝑟 = 1.4 × 10−11, 

respectively. 

 

UALM simulation details 

 

Table 1 contains the values of the properties 

used in the simulation: g is the value of the 

acceleration of gravity, equal to the value 

reported for Mexico City. The upper limit of 

the simulation was taken as 1.1, because when 

exceeding this value, it has problems with the 

values obtained from the calculation, this is 

because in the equations to integrate, there are 

trigonometric functions such as tangent and 

reactive, which around this value is probable 

that the system approaches some asymptote, so 

the function is undetermined. 

 

The length of the pendulum is denoted 

by l, m is the pendular mass, and M is the mass 

of the car. The rest are initial conditions (IC) to 

solve the equations. N is the number of times 

we repeated the numerical experiment; each 

repetition of the experiment was performed 

with new ICs. In order to observe the changes 

produced by the new ICs, it was decided to only 

make small changes systematically, for this 

purpose changes were proposed only in the 

variables related to speed: 

    
𝑦0̇ = 𝑦0̇ + 0.09

𝜃0̇ = 𝜃0̇ + 0.09
𝜑0̇ = 𝜑0̇ + 0.10

                                            (23) 

 

 

 

 

 

 

 

UALM simulation 

prop value unit prop value unit 

g 9.780 m/s2 𝒚𝟎 0.1 m 

a 0.000 adim 𝒚̇𝟎 3.1 m/s 

b 1.100 adim 𝜽𝟎 1.1 grad 

n 1000 adim 𝜽̇𝟎 5.3 rad/s 

l 0.450 m 𝝓𝟎 1.5 grad 

m 0.270 Kg 𝝓̇𝟎 5.1 rad/s 

M 0.332 kg N 21 adim 

 

Table 1 Initial property and condition values 

 

UACM Simulation Details 

 

In the case of the UACM simulation, the 

gravity acceleration value was taken in the 

same way as in the previous case, which is why 

it does not appear in Table 2. 

 
UACM simulation 

prop value unit Prop value unit 

a 0.000 m/s2 𝜽𝟎 1.1 m 

b 1.100 adim 𝜽̇𝟎 3.3 m/s 

n 7000 adim 𝝓𝟎 1.1 grad 

R 0.450 M 𝝓̇𝟎 6.3 rad/s 

l 0.350 M 𝝋𝟎 1.1 grad 

m 0.270 Kg 𝝋̇𝟎 10.1 rad/s 

M 0.332 Kg N 25 adim 

 

Table 2 Initial property and condition values 

 

Table 2 shows the values of the 

parameters used in the UACM simulation, as 

well as the required ICs, to obtain their 

solution. The parameter R appears, which 

represents the radius of the circle on which the 

car rotates. The ICs are for the angles, being θ 

the polar angle, ϕ the zenith angle, and φ the 

azimuth angle. Likewise, the ICs were changed 

for 25 numerical experiments, the following 

rules being in this case: 

 

𝜃0̇ = 𝜃0̇ + 0.09

𝜙0̇ = 𝜙0̇ + 0.10
𝜑0̇ = 𝜑0̇ + 0.10

                                            (24) 

 

Experimental development 

 

The experiment was carried out using a low-

friction car PASCO (ME-1240) and two rails 

were implemented. At the beginning, two rails 

that rest on two rigid rods were used, each 

wheel of the low friction car moves over each 

one, a “ball joint” (swivel) was implemented so 

that the pendulum moved freely, the pendular 

mass is a Naylamid sphere. 
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To attach the pendulum to the low-

friction car, three parts were designed in 

Autodesk Inventor: one that serves as a special 

base to attach the swivel to the carriage, another 

to attach it to the pendulum rod and another to 

attach the rod to the pendulum mass. These 

pieces were 3D printed, an Anet A8 printer was 

used with Utimaker Cura 3.2.1. 

 

 
 

Figure 3 Experimental device for uniform linear motion 

 

Likewise, special bases were designed 

to mount the rails on horizontal rods supported 

to a universal support. Through a video shot, 

the experiment was recorded for the two cases 

presented a) linear motion and b) circular 

motion, with a radius of curvature R = 1.5 m. 

To follow the trajectory of the mobiles: car and 

pendulum, Traker Video Analysis and 

Modeling Tool were used, which allowed to 

collect the data of some of the studied 

properties, simultaneously data of the 

displacement of the low-friction car were 

collected by means of sensors with wireless 

“bluetooth” using as interface a cell phone in 

which the SPARKvue application was installed. 

 

 
 

Figure 4 Experimental devices for both motions: uniform 

linear motion and uniform circular motion 

 

To ensure that the initial car speed is the 

same in each video shot, a trigger was applied 

to the low-friction car (a piston activated by 

pressing a pivot on the top of the car, providing 

a boost, in this way it was also guaranteed that 

said impulse was of similar magnitude in each 

repetition of the experiment).  

 

 

While the trigger was activated, the 

pendulum was placed at a certain angle, so that 

just at the moment when the car started its 

movement with a certain initial speed, the 

pendulum also began its wave motion. 

 

 
 
Figure 5 Experimental device for uniform circular 

motion 

 

It is important to note that the video 

shots only allow us to analyze two dimensions, 

to monitor the movement of the pendulum in 

three dimensions requires preparing the scene 

much better and having more cameras and some 

other electronic devices to properly and 

correctly measure the dynamic variables of 

interest. 

 

Numerical Results 

 

UALM 

 

The results obtained by simulation are several, 

because for each trial we get: time, position, 

velocity and acceleration of the object of mass 

M, as well as angular position, velocity and 

acceleration for the pendular mass m, given that 

the value of the pendulum length is known, it is 

possible to obtain the rectangular positions of 

the pendular mass m. 

 

The phase diagrams show the behavior 

of the dynamic variables, these are of interest 

because the temporal parameter is eliminated 

and allow the observation of the existing 

changes between position and speed for each 

dynamic variable. Graph 1 shows the phase 

diagram for the y coordinate, the solution for y 

and 𝑦̇, are given by (11-12), they certainly do 

not represent the numerical solution of the 

differential equation for y, but it is known from 

the numerical solutions for the angular 

coordinates θ and φ. In this graph, it is observed 

that the trajectory in the phase plane does not 

represent a closed curve, the change of ICs is 

also appreciated, by the different colors plotted, 

which shows the different trajectories that are 

quite similar to each other.  
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It is not observed that the y variable is 

sensitive to the change in ICs. 

 

 
 

Graph 1 Phase diagram for coordinate 𝑦 

 

Graph 2 shows the phase diagram for 

the angular coordinate θ. In this diagram the 

result each trial within the simulation is well-

defined, this result corresponds to the numerical 

solution of equations (7). Again, it is observed 

that all curves describe a similar shape. 

However, changes in ICs result in separate 

curves, enlarged or contracted, which shows 

signs that the  variable is chaotic. 

 

 
 

Graph 2 Phase diagram for coordinate 𝜃 

 

Graph 3 presents the phase diagram 

corresponding to the angular variable φ. Of the 

three phase diagrams, this has the least 

structure, since the behavior between the 

variables (φ vs. 𝜑̇) seems to be approximately 

logarithmic, the sensitivity to the changes of 

ICs shows only a shift in the curve.  

 

 
 

Graph 3 Phase diagram for coordinate 𝜑 

 

The result corresponding to the 

acceleration behavior in the direction y and the 

direction of movement of the mass object M 

proved to be relevant. 

 

 
 

Graph 4 Result for acceleration in direction y:  (𝑡 𝑣𝑠. 𝑦̈) 

 

Graph 4 shows the result for the 21 

simulations performed. Acceleration is 

presented as a function of time, it exhibits 

greater sensitivity to changes in ICs; it is 

observed that the more the system moves from 

the origin coordinates, there is more variation 

between the trajectories, so there are more 

significant changes between each trial, which 

suggests that the system turns out to be chaotic. 

In this paper, no parameters related to the chaos 

of the system were measured, however, Graph 

4, together with Graphs (2-3) motivates the 

possibility of doing so and directing attention in 

this direction. Another situation that can be 

seen in Graph 4 is that for some time intervals, 

the acceleration is negative, for others it is 

positive. The plot of the graph seems to tend 

approximately to an oscillatory movement with 

a certain frequency. Given the impossibility of 

measuring beyond the proposed values, it is not 

possible to observe this tendency with greater 

clarity, however, if it was possible to observe 

experimentally, the object of mass M 

sometimes moves forward and sometimes 

backwards, showing a behavior similar to that 

in Graph 4. 

 
 

Graph 5 Result for the position of the pendular mass, in 

rectangular coordinates, from a fixed observer on object 

M. 
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Given the angular values obtained and 

the pendulum length, it is possible to obtain the 

position (x, y, z) of the pendular mass. 

 

 
 

Graph 6 Result for the position of the pendular mass, in 

rectangular coordinates, for iteration 20. From a fixed 

observer on object M. 

 

Graph 5 shows the trajectories for each 

of the 21 simulations performed, the result is 

that the positions of the pendular mass are 

located on the internal surface of a hemisphere 

of radius l, the gap that is observed at the 

bottom of the hemisphere result from the fact 

that the ICs do not start from zero. However, 

for any performed iteration, the pendulum will 

always be at a point on the surface of this 

hemisphere. The result shown in Graph 6 shows 

the iteration corresponding to trial number 20, 

presenting greater clarity in this regard.  

 

It is necessary to note that what is 

shown in Graphs 5 and 6 is the observation of 

the movement of the pendulum from an 

observer who is on the object of mass M. As we 

have previously mentioned, object M moves 

with variable acceleration, therefore, this 

reference system corresponds to a non-inertial 

reference system. To have a result whose 

observation is from an inertial reference system, 

the pendulum's displacement must be measured 

from the fixed origin outside the object M, that 

is, the inertial reference zero, which is fixed to 

the left of the objects (see figure 1). 

 

 
 

Graph 7 Result for the position of the pendular mass, in 

rectangular coordinates. From a fixed observer at the 

origin of coordinates 

The observation from this inertial 

reference system is shown in figure 7. 

 

 
 

Graph 8 Result for the position of the pendular mass, in 

rectangular coordinates. From a fixed observer at the 

origin of coordinates 

 

And the trajectory corresponding to trial 

20 is shown in Graph 11, in both Graphs (7 and 

8) the behavior of the coordinate y can be 

observed, which shows the effect of the 

oscillatory movement in the direction in which 

the object of mass M moves, displaying the 

behavior of a bending surface. These graphs 

have been presented as Graphs (5 and 6) exhibit 

the behavior of a spherical pendulum, which 

corresponds to the description of an observer 

looking at the fixed pendulum in M. However, a 

fixed observer in the inertial reference system O 

will see what is shown in Graphs (7 and 8). 

 

 
 

Graph 9 Coordinate y behavior, the relationship between 

position, speed and acceleration is shown 

  

Once the results are obtained for all the 

variables, it is possible to review the behavior 

of the three coordinates simultaneously, this 

behavior is presented for the variables y and φ 

in Graphs (9 and 10). 
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Graph 10 Behavior of the angular coordinate 𝜑, the 

relationship between position, velocity and angular 

acceleration is shown. The behavior of the angular 

coordinate 𝜑 is quite stable, it presents only a small 

slope. 

 

 
 

Graph 11 Behavior between both linear and angular 

positions. It can be observed a behavior that essentially 

has the same origin, but which, depending on the CIs, 

concludes at another point, that is, it shows a chaotic 

behavior mainly for the coordinate  
 

 
 

Graph 12 Behavior for linear and angular speeds. It is 

observed again that the graphs have a common origin, 

however the greatest change is provided by the 

coordinate. 

 

 
 

Graph 13 Acceleration behavior, a clear tendency to 

chaos in the acceleration behavior is observed. 

 

 

Graphs (11-13) show the coupling 

behavior of the dynamic variables of the block-

pendulum system and provide information on 

the effect of the linear movement of the mass 

block M by effect of or as a consequence of an 

oscillatory movement of the mass pendular m. 

 

UACM 

 

The numerical results for the case of circular 

motion allow us to obtain results on the 

dynamic variables ,  and , and on their 

temporal derivatives with which the phase 

diagrams can be constructed, as well as to 

observe the temporal evolution of each variable. 

Graph 14 presents the phase plane of the polar 

angular variable , which is the car’s direction. 

A simple comparison between Graphs 1 and 14, 

allows us to observe that the behavior is 

different, due to the trajectories that the 

movement associated with the object of mass M 

follows.  

 

 
Graph 14 Phase plane for coordinate  

 

However, in both cases the curves are 

open, it is also observed that for both cases the 

paths of the same trial cross more than once. 

 

 
Graph 15 Phase diagram for the angular variable  

 

A much more chaotic result is 

appreciated for the UACM than for the UALM. 
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Graph 16 Space trajectories for the behavior of pendular 

mass in uniformly accelerated circular motion 

 

Graph 15 shows the phase diagram for 

the azimuth angle , a comparison between 

Graphs 2 and 15 shows that in the case of the 

UACM, the azimuth coordinate is more chaotic. 

Similarly, it is possible to obtain the x, y and z 

coordinates of the pendular mass m, shown in 

Graph 16, where the spatial trajectory is 

observed for the 21 simulations performed for 

this case. The comparison between Graphs 5, 

16 and 7, show a different behavior, a tendency 

to chaos. The movement of the pendular mass 

is erratic, even though at the beginning the 

internal structure of the trajectories presents a 

systematic and similar behavior to that of a 

spiral. 

 

A two-dimensional view is presented in 

Graph 17. Different tests were made proposing 

various changes for the ICs; it was observed 

that the change for the angular velocity 𝜃̇ 

presents an offset of the center of the circle for 

the initial spiral paths, the end values for each 

trajectory are very scattered, so the behavior 

shown by the pendular mass also tells us that in 

the circular motion of the object of mass M, its 

behavior is erratic. 

 

 
 

Graph 17 Spatial trajectories for the behavior of the 

pendular mass in the uniformly accelerated circular 

motion in two dimensions, corresponding to the 

coordinates (x, y). 

 

 
 

Graph 17 Spatial trajectories for the behavior of the 

pendular mass in the uniformly accelerated circular 

motion in two dimensions, corresponding to the 

coordinates (x, y) 

 

Finally, Graph 18 shows the result for 

the trajectory of the object of mass M. Since the 

entire interval was not integrated, the trajectory 

shows only one segment; the total of the 21 

results of the simulations fall on the same 

curve, which was expected. 

 

Experimental Results 

 

UALM 

 

The experimental results obtained allow us to 

make purely qualitative comparisons. In order 

to obtain precise results to quantitatively 

contrast with the numerical results, we are 

solving the experimental inconveniences.  

 

 
 

 

Figure 6 Space trajectories for pendular mass behavior in 

accelerated linear motion 

 

Figure 6 shows a frame of the analysis 

by means of Tracker, the red curve corresponds 

to the tracking done to the object of mass M, 

while the blue curve represents the monitoring 

of the pendular mass m; in the same frame the 

movement of the rod is recorded. The effect of 

the pendulum is observed when moving inside 

the hemisphere, as indicated by Graphs (5-6).     
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Graph 19 Trajectories corresponding to positions (𝜃, 𝜃̇) 
of the pendular mass m. 

 

Following the pendular mass is 

complicated through Tracker, since the video 

only allows us to observe two dimensions. The 

results are affected both by the perspective, as 

well as the depth of the shot, also by the focus, 

so they contain a considerable experimental 

error. Graph 19 shows the phase plane of the 

variable , the curve is comparable to that 

shown in Graph 6 in two dimensions, showing 

a qualitative agreement between them. 

 

  
 

Graph 20 Results obtained by means of the sensor for 

linear motion 

 

Graph 20 shows the results obtained by 

means of the sensor placed in the object of mass 

M. The first graph offers results for the 

position, observing the oscillations for three 

different experiments, these oscillations are also 

present in the graph corresponding to the 

simulation result. They differ in the trend of the 

slope. The second graph corresponds to that of 

the velocity in y, which is also comparable with 

the numerical result. The third graph is for 

acceleration, showing the same effect as in 

Graph 4, where some values are positive and 

negative. 

 

 

 

 

 

 

UACM 

 

The results corresponding to the circular motion 

are presented in Figure 7, where, again, the 

monitoring on the object of mass M moving on 

the rail forced to follow a circular motion is 

observed. The trajectory is drawn in red, while 

the monitoring of the pendular mass m is in 

blue, the monitoring of the rod is also shown. 

 

 
 

Figure 7 Trajectories corresponding to the positions of 

the pendular mass m and the object M in the circular 

motion 

 

Figure 7 shows a qualitative agreement 

with the numerical result. To be clear on this, it 

is necessary to observe Graph 21, which shows 

the spiral behavior also shown by Graph 16. 

 

 
Graph 21 Results obtained by means of the sensor for 

linear motion 

 

Finally, Graph 22 shows the results 

obtained by the sensor for the movement of the 

car of mass M. 

 

 
 

Graph 22 Results obtained by means of the sensor for 

circular motion 
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Conclusions 

 

We have presented the theoretical analysis of 

the system composed of an object of mass M to 

which a pendulum of length l and pendular 

mass m was attached, moving in two kinds of 

movements: uniformly accelerated linear and 

uniformly accelerated circular motion. At first, 

we assumed that both movements were 

uniform; however, the analysis showed that due 

to the coupling of the objects and the oscillation 

of the pendulum the movement of the object of 

mass M was affected, so that its acceleration did 

not turn out to be uniform. 

 

Theoretical analysis showed that despite 

being a system with variable acceleration, the 

linear momentum of the object of mass M was 

preserved, but not that of the pendular mass. 

 

A set of numerical simulations was 

developed to obtain the solutions of the 

differential equations. 

 

From the analysis of the numerical 

results, it is concluded that the system, both in 

linear and circular motion, is chaotic; thus, 

posing the possibility of studying them through 

the methodology used to analyze chaos, such 

as: Poincaré sections and Lyapunov 

coefficients, for example. In this way, it is 

possible to offer a more precise quantitative 

evaluation of the chaotic behavior of the 

system. 

 

The corresponding experimental 

prototypes were developed to carry out a series 

of experiments and gather information with the 

use of proprietary tools such as Tracker. 

Likewise, wireless devices were used to 

phenomenologically verify both numerical and 

theoretical results. Because the experimental 

part requires even more care and that the 

pendulum movement occurs in 3D, a qualitative 

agreement was found in the comparisons made 

for the numerical and experimental results. 

However, we concluded that it is necessary to 

improve the obtention of the experimental 

results so that the comparison between the two 

is quantitative and not only qualitative. 

 

The study of this kind of systems is 

important since they are commonly used, for 

example, in the handling of cranes that carry 

loads, airplanes and/or helicopters that carry 

buoys to put out fires.  

The object transported behaves like the 

pendular mass and its oscillatory movement 

affects the movement of the transporting object. 

The analysis shown so far has allowed us to 

reach theoretical solutions, which enable us to 

understand the behavior of the system; along 

with numerical solutions that help to understand 

its tendency to chaos and also contribute to 

improve the use of its implementations; and 

experimental solutions that allow us to generate 

more adequate prototypes for the required 

purposes. 
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