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Abstract

In this work we obtain analytical expressions for the calculation of the stiffness and damping of a short
journal bearing, which is being submitted to an external pressurization force. These expressions are
obtained from Reynolds equation, which is modified to model the effect of pressurization. Such
modification lies in the introduction of a generalized function of the space impulse type (Dirac Delta).
It is important to mention that such modeling is first in its kind to solve rotodynamic problems.
Additionally there are graphics showing the performance of the stiffness and damping coefficients as a
function of the eccentricity and/or externalpressurization. It is important to notice that this is the first
work that reports analytical results of such coefficients being modified by the effect of pressurization;
currently there are only numerical solutions for its calculation.  Also, the dynamic behavior of a
rotatory system is highly influenced by the values that may be taken by the coefficients of stiffness and
damping; therefore, if the dependence to pressurization is known, it is possible to determine the
pressure values that may be applied until instability is reached
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Introduction

The equations of motion of rotor-bearings,
system contain coefficients corresponding to
the film of the lubricant of the bearings, these
parameters change with the rotational speed and
consequently also change with the addition of
external pressure. That's why the dynamic
behavior is always heavily influenced by the
values they can take these coefficients. It is in
the literature as the operation speed increases,
one of the stiffness coefficients can take
negative values depending on its magnitude and
the system could instability [1].

To study the behavior of the fluid in the
hydrodynamic bearings Reynolds equation is
used, which is a simplification of the Navier-
Stokes equations for Newtonian fluids type.
Reynolds equation relates the fluid pressure in
the bearing with axial and circumferential
coordinates, so that using this equation; it is
possible to obtain the pressure field. Unable to
resolve analytically Reynolds equation, but can
be obtained depending on the ratio approaches.
(L / D); which indicates whether the bearing is
short or long. Therefore, if the Reynolds
equation is modified by a generalized function
of spatial impulse (Dirac) that models the
external lubricant injection, be possible to find
an expression that determines the pressure field
in the fluid film as a function of pressurizing
external and in turn determine the stiffness and
damping forces and corresponding coefficients,
also called coefficients rotordynamic.

Classic definition of the aerodynamic
coefficients

The model describing the function of pressure
in hydrodynamic bearings is the Reynolds
equation, such an equation can be written
generally as [2]:
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Where P+ is the pressure in the

lubricant film, h: is the dimensionless film
thickness of the fluid, R is the radius of the

bearing represents the radial course, Cr % s the
bearing length, Liis the equilibrium angle
(attitud), ?-is the dimensionless eccentricity of
the bearing €-is the lubricant viscosity fluid,

M- s the angular coordinate in any point of the
bearing and the axial coordinate of the bearing.

To work in general, it is possible
dimensionless Reynolds equation using the
following substitutions:

_L_ _RY_
e F—u-:.al E
N = o ;'_:= F
T —2iw
| @)
Then leaving:

A 2 " .
i{hs@}(E) é[h“l‘f}:mzz 210 coso-1275en0 (5)
a0l o0)\L) @ @ 26/ w)

However, in this work the main interest
is in short bearings, which comply with the
condition: /D <1/2.

For both the first member of (5), the
first term is small compared to the second and
so dimensionless Reynolds equation for short
bearings remain as:
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Once resolved (6), the dimensional
components of force in the radial and transverse
directions are:

R =L:(1—2¢/w)fR (7
uNLD(R/C, )

Fo T 4 2pia), (8)
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The following expression relates the
resultant force fr and fr to obtain a very

important dimensionless number in
rotodynamic:
o_ L LD RZ_Fdim
Ji2+t2 ow (¢, ) w
(11)

This number is called Sommerfeld
number and the geometrical characteristics
relating lubricant viscosity and the bearings of
the hydrodynamic forces and weight.

The change of forces fR and fT around
the equilibrium position provides stiffness and
damping coefficients, which are defined by [3]:

Ay e fr
K = o @ & |_ K Kgr
afi'r afT +h KTR KTT
Oe &¢ ¢
(12)
ofq 21,
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(13)
Where K] It is the matrix of the

coefficients of stiffness and [6] is the matrix of
coefficients buffer. These coefficients are
related to its dimensional part by:

(14)

C7:\1 = C;

aﬁr
mofR¢ |

Note that the  thermodynamic
coefficients given by (12) and (13) are referred
to the system of radial and transverse
coordinates, if you wanted to obtain these
coefficients with respect to another coordinate
system is only necessary to multiply by the
corresponding rotation matrix.

Generally the coefficients of stiffness and
damping are presented in the literature as:

- (C,
Kj=| — IK;
W

- aC,
e[,
W

The relationship between (14) and (15)
is through the Sommerfeld number given by
(11) where:

(15)

(16)
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Solution for short bearings
External no pressurization
The mathematical model of a short bearing

without external pressurization is given by (6)
where the solution comes by:

(LY 6z(-2?)
pz(g] (1+5C059 {SS no- 2( 2(7)0086}
(17)

Substituting (17) into (9) and (10), it is
known that the dimensionless forces are:

e (;]z{(l_“;fj; - 262_(17:)25;922) (1—é2/;)/w)} (18)

Thus, it is possible to find the
coefficients of stiffness and damping in the
radial and transverse directions of a short
bearing no pressurization, only substituting (18)
and (19) (12) and (13). After multiplying by the
corresponding rotation matrix and using (16),
the coefficients are obtained in the rectangular
coordinate system. See Table 1.
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Table 1 Aerodynamic coefficients of stiffness and
damping for short bearings in the XY system

With external pressurization

Now vyou need to enter the external
pressurization effect and is important to specify
the axial and circumferential injection point.
This article is modeled using external
pressurization function space Delta Dirac

impulse S(x) (also called generalized function
or distribution), which has special properties
that help in solving the model.

Suppose the pressurization will be given
a mathematical point that such behavior is
modeled perfectly by the pulse function. This
can be generalized for injections "n" arbitrary
points of the bearing. Therefore, it is possible to
consider incorporating the Dirac impulse
function as a way to represent the lubricant
injection is performed at an arbitrary position

[4].

Then the bearing undergoing
pressurization, performed in an injection port
which axial and circumferential location is
arbitrary occurs. See Figure 1.
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Graphic 1 Location pressurization point in the bearing.
Note that the values of the axial and circumferential
coordinates to specify the particular point injection
lubricant defined.

This case corresponds to pressurizing
with timely door on the point with the
dimensionless axial coordinate z=a and the
circumferential coordinate “ z”,it is noteworthy

that the position of the injection port can be as
arbitrary as you like for any securities of “a
and “p” it is noteworthy That the position of
the injection port can be as arbitrary as you like
for any securities of

(AP) pr = TS (Z- Q)30 (7 + B~ 9y (20)
AF AF

pres _ pres

Gon = DLﬂNi%r R,

Note that although the Dirac delta
function is defined as infinite impulse at the
point of the axial and angular coordinates, the
pressurizing force is not equal to infinity since
as the injection port is considered a
mathematical point, the product of pressure (
q,. »>=)the gate area (a o) It will be a

constant value.

Equally worth mentioning that the Dirac
function in this model does not indicate that the
pressure is applied and disappears at a certain
time, is it is not a temporary role but is a spatial
function for a given value axial and angular
coordinate, pressure is applied in pulse form.
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It is proposed as the model of
pressurization in the spot port, the
dimensionless equation:

E{W@} ['—qupn 7-a)0-(z+ -0, )} ( 2(//)

p(z=+1)=0+ p(@+27)=p(d)

(21)

Solving to (21) and using the properties
of the Dirac delta function is obtained:

. LY slo-Grp-ouall 1
pPREs_[*] Qpnm[l - 73‘]( 2%)

(22)
After replacing (22) in (9) and (10) yields:
i =_[£jzf (-a?) cos(p-y) 1 (23)
o)™ 8 [-eCos(s- (p]3( 247)

(24)

fi =

7[&]27 (1-a?) sen(8-9) 1
"8 [1-eCos(f-0)] ( 2(//)

D
Substituting (23) and (24) (12) and (13)
and after multiplication by the corresponding
rotation matrix, the coefficients rotordynamic
due to pressurization are obtained. See Table 2.
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Table 2 Aerodynamic Coefficients stiffness and damping
of a short bearing due to external pressurization arbitrary
circumferential and axial positions.

165w

s :‘]7 317 fg_ sefl- 2

':s'f léexiz®

Table 3 Aerodynamic Coefficients complete table of
stiffness and damping of pressurized bearing on their part
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Table 4 Aerodynamic Coefficients complete table of
stiffness and damping of pressurized bearing its top
center

Classic case

In the following figures, the conduct of
rotordynamic coefficients as a function of the
eccentricity of equilibrium for different values
of external pressurization force is shown.

Important Note: The dotted lines
indicate negative values

1-f,.=0

When the pressurizing force is zero, is obtained
the classic case of the coefficients reported in the
literature [2]. In Figures 2 and 3 the
rotordynamic coefficients for this case (direct
and coupled) appear. Mentioned coefficients
were obtained from the formulas given in Table
1, for a short bearing unpressurized externally.
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Graphic 2 Direct Aerodynamic coefficients of stiffness
and damping for a short bearing unpressurized. f=0-
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Graphic 3 Coupled Aerodynamic coefficients of stiffhess
and damping for a short bearing unpressurized. fn=0-

Pressurized case (Y).

Below the graphs the coefficients of stiffness
and damping for different values presented
pressurizing force, the above is obtained from
the formulas found in Tables 3 and 4.

Lower injection

2- f,.=10

prt
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Graphic 4 Direct Aerodynamic coefficients of stiffness
and damping for a short bearing pressurized at the
bottom. fon =10-
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Graphic 5 Aerodynamic Coefficients of Coupled
stiffness and damping for a short bearing pressurized at
the bottom. for =10-

Importantly, Figures 4 and 5, the
pressurization causes significant changes only
in the coefficients for the vertical directions
K,,C, and the values of the damping in the

directionséxy, where not only a separation
appears with the coefficient éyx (as it was in

Figure 3) but also show negative values for
certain ranges of eccentricity, so that they can
affect the stability of the system.

In figures 6 through 9 behavior occurs
when coefficients rotor dynamic further
increases the pressurizing force at the bottom of
the bearing.
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Note that the graph of damping
coefficient C, (with corresponding negative

signs) is going farther and farther to the left for
different values of pressurization (Figs. 7 and
9).

3- f,, =100

Graphic 6 Direct Aerodynamic coefficients of stiffness

and damping for a short bearing pressurized at the
bottom. f . =100-
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Graphic 7 Aerodynamic Coefficients of Coupled
stiffness and damping for a short bearing pressurized at
the bottom. f o =100

4.- f,, =500
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Graphic 8 Aerodynamic coefficients of stiffness and
damping for a short bearing pressurized at the bottom.

f e =500
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Graphic 9 Coupled Aerodynamic coefficients of
stiffness and damping for a short bearing pressurized at
the bottom. o =500

Comparison of aerodynamic coefficients
(Lower injection)

The following figures show the comparison of
rotor dynamic stiffness and damping
coefficients (direct in the direction xx) and the
buffer (coupled in the x direction) for different
values of pressurizing force. Remember that
these coefficients are modified to look more
drastically when are pressurized externally to
the bearing.

Figures 10, 11, 12 and 13 show that the
values of stiffness and damping direct in the
vertical direction of the lubricant film increases
with increasing the strength of external
pressurization.
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Graphic 10 Comparison of direct aerodynamic
coefficients (in the vertical direction) of a short bearing
rigidity for different pressurization values bottom.

i

Graphic 11 Direct comparison of aerodynamic
coefficients (in the vertical direction) of a short bearing
rigidity for different pressurization values bottom.

Graphic 12 Direct comparison of aerodynamic
coefficients (in the vertical direction) damping of a short
bearing for different pressurization values bottom.
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Figures 14 and 15 show that as the
strength of external pressurization, the damping
coefficient in the x direction begins to change
sign for certain values of eccentricity and
therefore tend to be traveled curves to the left,
until it stops values over pressurizing the
damping coefficient becomes negative for all
possible values of eccentricity, doing this may
affect significantly to system stability manner.

Graphic 13 Comparison of direct rotor dynamic
coefficients (in the vertical direction) damping of a short
bearing for different pressurization values bottom.

Graphic 14 Comparison of coupled rotor dynamic
coefficients (in the x direction) damping of a short
bearing for different pressurization values bottom.

T

Graphic 15 Comparison of coupled rotor dynamic
coefficients (in the x direction) damping of a short
bearing for different pressurization values bottom.
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Pressurized case (ii)
Superior injection

The following graphic shows this variation for
different values of pressurizing force, on top of
the bearing.
1.- f =10

prt

Graphic 16 Direct Rotor dynamic coefficients of
stiffness and damping for a short pressurized bearing at
the top. f, =10

Graphic 17 Rotor dynamic Coefficients of Coupled
stiffness and damping for a short pressurized bearing at

the top. f, =10

As in the previous case (lower
injection), the rotor dynamic coefficients are
considerably affected are primarily direct in the
vertical direction and the bufferc, ; which

unlike the previous case, it is not negative for
any value of eccentricity.

2- f,, =100
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Graphic 18 Direct rotor dynamic coefficients of
stiffness and damping for a short pressurized bearing on

its top. f o =100

Graphic 19 Rotor dynamic Coefficients of Coupled
stiffness and damping for a short pressurized bearing at

the top. f =100

Comparison of Rotor dynamic coefficients
(Superior Injection)

1 prer

Graphic 20 Comparison of direct rotor dynamic
coefficients (in the vertical direction) of a short bearing
rigidity for different values of pressurization at the top.
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Graphic 21 Comparison of direct rotor dynamic
coefficients (in the vertical direction) damping of a short
bearing for different values of pressurization at the top.

y

L * pres

Graphic 22 Comparison of coupled rotor dynamic
coefficients (in the x direction) damping of a short
bearing for different values of pressurization at the top.

Conclusions

The results found in this work are of
fundamental importance, since it was obtained
for the first time in international and
analytically literature, rotor  dynamic
coefficients of stiffness and damping as a
function of the strength of external
pressurization (are summarized in Tables 2 , 3
and 4).

Currently only numeric values of these
coefficients are making it less manageable the
results; This was possible by using the Dirac
external effect pressurization as in equation
Reynolds lubrication spatial function.
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Graphics  behaviors rotor dynamic
pressurized coefficients as a function of the
eccentricity of balance and pressurizing force in
cases where it is pressurized at the bottom and
top of the bearing found.

When is pressurized at the bottom, we
find that the coefficients of stiffness and direct
buffer (in the vertical direction) increase in
value as the external pressurizing force is
growing, just as the damping coefficient in the
x direction is affected in their values when
pressurization grows, including changes sign
for certain values of eccentricity; This result is
of fundamental importance for the stability of
the system is determined by the values rotor
dynamic having such coefficients, being more
conducive to instability as these coefficients
take negative values.

Moreover when pressurized at the top of
the bearing, the values of the stiffness (in the
vertical direction) increase in value as it grows
pressurization, but now the damping in the
vertical direction decreases when the pressing
force grows . Similarly, the damping coefficient
in the x direction increases to values greater
than the pressing force.
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